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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

COMPUTATION BOOK

GENERAL INSTRUCTIONS

In all work in which accuracy and ease of reference are important, much depends upon carrying out the computation in a
systematic manner. The following instructions, taken from the Engineering Department Figuring Book of the Allis-Chalmers Co.,
serve as a guide in this maller,

“All computations, of whatever kind, are to be made in these books, except in cases where
special blanks may be provided for specific kinds of computation. Computations may be made
in ink or pencil, whichever may be more convenient. Pencil figuring should be done with a
soft pencil. All the work of computation should be done in these books, including all detail
figuring.” R

“Bach subject should begin on a new page, no matter how much space may be left on the
previous page. The subject, with the date of beginning it, should be plainly written at the top of
the first page of the subject.”

“Work should be done systematically, and as neatly as consistent with rapidity. The books are,
however, intended for convenience, and no unnecessary work should be done for sake of appearance
only. Errors should be crossed off instead of erased, except where the latter will facilitate the work.
Work should not be crowded. Paper costs less than the time which would be expended in attempting
to economize space in making erasures.”

“Where curves drawn on section paper (or sketches) are necessary parts of a computation, they
should be pasted in the book, except where specifically otherwise provided for.”

“Computations should be indexed, in the back of the book, by the person using the book.”
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T'wo-Reaction Theory of Synchronous Machines

Generalized Method of Analysis—Part I
BY R. H. PARK®

Associnte, A, 1. I, K,

Synopsis.—Starling with the basic asswmption of no saturation
or hysterests, and with distribution of armature phase w. . A
effectively sinusoidal as far as re gards phenomena dependent wpon
relor position, general formulas are developed for eurrent, valtage,
power, and torque wunder steady and transient load conditions.
Speeial detniled  formulas ave alse developed which permit the
determinalion of current and torque on three-phase shorl eireuit,
during stavting, and when only small deviations from an anerage
operaling angle are involved.,

of the work of Blondel, Dreyfus, and Doherty
and Nickle, and establishes new and general
methods of calculating current power and torque in
salient and non-salient pole synchronous machines,
under both transient and steady load conditions.
Attention is restricted to symmetrical three-phaset
machines with field structure symmetrical about
the axes of the field winding and interpolar space,
but salient poles and an arbitrary number of rotor}
circuits are considered,
Idealization is resorted to, to the extent that satura-
tion and hysteresis in every magnetic circuit and eddy

r I \HIS paper presents a generalization and extension

Axis of Phase a
Direct Axis

Direction of
-\ Rotation

Quadrature Axis
-

Axis of Phase’b Axis of Phase ¢

Frg. 1

currents in the armature iron are neglected, and in
the assumption that, as far as concerns effects depend-
ing on the position of the rotor, each armature winding
may be regarded as, in effect, sinusoidally distributed.?
A.  Fundamental Circuit Equations

Consider the ideal synchronous machine of Fig, 1,
and let

*General Engeg. Dept., General Electriec Company, Schenee-
tady, N. X.

fSingle-phase machines may be regarded as three-phase
machines with one phase open eireuited.

IStator for & machine with stationary field strueture.

Tor numbered references see Bibliography.

Presented al the Winter Convention of the A, 1, B, E., New York,
N. Y., Jan. 28-Febh, 1, 1920,

29-33

Im: addition, new and more accurate equivalont cirewils are
:h'i'('l'(}li)r'n" _f'm’ .\‘Iflfo_‘fer"I"JHH.f-‘R ruur' r;.v_urrr'faf'a};um.\‘ nu”"f.'h.u_x 0 i f'uf;'nﬂ
i parallel, and the domain of validity of such cireuits is established.

Lhroughout, the treatment has been generalized to fnelude salient
poles and an arbitrary number of rolor civewits, The analy-
818 ¥s thus adapted lo machines equipped with field pole collars,
or with amortissewr windings of any arbitrary construetion.

It i proposed to continue the analysis tn o subs quint paper.

Loy iy 1, = per unit instantaneous phase currents
€, €5, ¢, = per unit instantaneous phase voltages

Yoy ¥4 Yo = per unit instantaneous phase linkages
{ = time in electrical radians

(
= it
Then there is
e = Dibu— T,
e, D, — iy
g, =pY.—71ri (1)

1t has been shown previously® that
Vo =Tacos 80— I, sin 6

T . ; 4 Y i i 9 ; i + i,
3 [ta 4 9 1] - 9 by — — —3_ ‘]

— i, cos 2 0 + i, cos (2 0 — 120)

F1.cos (2 6 + 120)]
Iicos (08— 120) — I,sin (68— 120)

v

H o e

~ =5 [{acos (2 0 — 120) + i, cos (2 0 + 120)

3
b i.cos 2 0] (2)
Y, = T, cos (0 4 120)
R
— I, 8in (0 + 120) — ;} ; Fde

Tat2 o 0 ]
B [ e

= J"ﬂ . s 9
B [7,cos (2 0 - 120) + i, cos2 0

+ 7, cos (2 0 — 120)]




per-unit excitation in direct axis

I, = per-unit excitation in quadrature axis
i direct synchronous reactance

x quadrature synchronous reactance

o Zero |l}];l:‘lt"‘:‘:l_‘llUl;‘ﬂl'l‘ reactance

As shown in the Appendix, if normal linkages in
the field cireuit are defined as those obtaining at no

load* there is in the case of no rotor cireuits in the
direct axis in addition to the field,
¢ = per-unit instantaneous field linkages
/ x g
where,
! per-unit instantaneous field current
)]
': {7, cos 0 -+ 1, cos (0 — 120) + 7. cos (8 + 120)}
)

(3)
On the other hand, if » additional rotor® circuits
exist in the direct axis there is,

where,

Lyay Isa, etc., are the per-unit instantaneous cur-

rents in circuits 1, 2, ete., of the direet axis, X, Xioa,
. ete., are per-unit mutual coefficients between the
field and circuits 1, 2, ete., of the direct axis.

Similar relations exist for the linkages in each of the
additional rotor circuits except &, — x,’ is to be replaced
by a term »,. However, since all of these additional
circuits are closed, it follows that there is an operational
result

Iy=1 -+ Liy+ Tag A A
=G (p)E + H (p) iy (4)
where E is the per-unit value of the instantaneous field
voltage, and G (p) and H (p) are operators such that

G o) =1 G(o) =10
H (o) = 0 H(w) =2s— 24"
r," = the subtransient reactance®

It will be convenient to write H (p) = &, — 2, (p)
and to rewrite (4) in the form,
I, =G (p)E (4a)

[f there are no additional rotor circuits, there is, as
shown in Appendix [,

= (o — g

E=Typ¥ 4 I
where T', is the open circuit time constant of the field
in radians.

There 1s then,

ey — oy rlmf tu

1

G (p) = =
I’j] !I‘”_ll

1 .
1= liliyg

@ ’f‘._. P
Tvp + 1

Bap) =

*This definition is somew hit
reference 2.

different from that given in
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If there is one additional rotor circuit in the direct
axis there is,

) J OIS §
W =T+ Xnaldii— (x Sl e —
' I p
> : . Tva
‘I‘r|,.' ‘\|:..' [IJ .\-i I "u.-r”J i = 55 B
Tig @
which gives,
o (X — Xoial Topap + 1
r(p) A (p)
T Dive [Xaviilee—ad) = Xiip@mal p?
+ [ — @' Tore + @wira Tl p
La () = Xa— ————

A (p)
where,
A (D) =[Xn:~Xndl To Tora P+ X110 Tot+Tora p+1
[f there is more than one additional rotor circuit the
operators (7 (p) and x, (p) will be more complicated but
may be found in the same way. The effects of external
field resistance may be found by changing the term I
in the field voltage equation to K I. Open circuited
field corresponds to R equal to infinity.
Similarly, there will be
Tor=nmy

— a, (p)) 1, (5)

where,
2
= -3 {1,sin 041, sin(0—120) 47 sin(0+4120)] (3a)

- / - . "
T, (0) =&,

T, (=) = 2,
So far, 10 equations have been established relating
the 15 quantities e., ei, €. T Loy Gy Yy Yy Yor Ty gy
I, I, E, 0in a general way. It follows that when
any five of the quantities are known the remaining 10
may be determined. Their determination is very
much facilitated, however, by the introduction of
certain auxiliary quantities e, e,, €y, to, Wiy Yuy You

Thus, let

1
= 5 [i0 =+ 10 4+ 1. (3b)
2 _ ..
€a="7g fe,cos O + e, cos (0 — 120) + e, cos (6 + 120)}
2
e,=— %_:{,I sin 04, sin(0—120) 4+e, sin(04-120){ (6)
1. ]
gy = :-; | Eq + €y "i L
2
Y= 3 [Yacos B + by eos (B — 120) + ¢, cos (6 + 120)]
2 h .
= = (W, sin @y, sin(0—120) 4. sin(0-4+120)§ (7)

— e T T B N R ——— -
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1 € = eqcos (0 — 120) — e, sin (0 — 120) + e, (16)
Vo= o { Vo + ¥u + ¢! € = e4cos (6 + 120) — e, sin (6 + 120) + e,
Referring to Fig. 2, it may be seen that when there
are no zero quantities, that is, when ¢, = ¢, = i, = 0,
the phase quantities may be regarded as the projection
of vectors ¢, ¢, and 7 on axes lagging the direct axis by

then from Equation (1) there is

2
€a="3 [cos 0 p Y, +cos(6—120) p Yu+cos(0+120) p .|

i Axis of Phase b
2 .

' ¢=—7g {sin 0 p ¢, + sin (0 — 120) p ¢, o ©q Direct Axls
| P
| = et
. + sin (0 4 120) p .} — 14, 4

€y = p ﬁbn =pE fll

but, o]

o |

P ¥a = 3 [cos 0 p . + cos (6 — 120) p ¥ Axis of Phase a

+ cos (6 + 120) p ¢.}

2
-3 tsin 0 y,+sin(0—120) p ¢, +sin(04+120) p ¢} p 0

| =8y 1ia+ Yap b Axis of Phase ¢
9 Fra. 2
| iy = =g REan e sin (012000 angles 6, 0 — 120 and 0 + 120, where taking the direct
'! + sin (6 + 120) p ¢.! axis as the axis of rea_ls,
9 ‘i = €4 1] 68,
— g (€os 6y, + cos (0 — 120) s + cos (6 + 120) y.lp 6 Wi J Ve
i =tat+71,
=€, +11,— Yapl If we introduce in addition the vector quantity,
hence there is I=I1,+31,
i =DYa—Tia— Yy p 0 (8) the circuit equations previously obtained may be
g =P¥y—Ti,+ Yap 0 (9) &
€y =P Yo—Tiy (10) 1
Also it may be readily verified that — (PRLxI¥
Yu=1I4— 248 =G (p) E— x4 (p)is (11)
Vo =I,— 240, = — 2, (p) 1, (12)
Yo = — 2y (13)

Equations (8) to (13) establish six relatively simple
relations between the 11 quantities ¢,, e,, e, 74, i, %o,
Vo, Yo Yo, B, 0. In practise it is usually possible to = — @ S&s=f———-——————~ TR
determine five of these quantitiesdirectly from the termi-
nal conditions, after which the remaining six may be
calculated with relative simplicity, After the direct,
quadrature, and zero quantities are known the phase

quantities may be determined from the identical Fia. 3
relations
" i, = 140080 — 7,8in 0 + 1, transferred into the corresponding vector forms,
I = tqcos (0 — 120) — i,sin (0 — 120) + iy (14) FE2TY {1 :.ﬂ +[p Oljy
! i = iqcos (0 + 120) — i, sin (0 + 120) + ¢, Uisd=8 00
where, B o

v ~ g %_ ,'01"2?:11 % '{" 0— 120) 4 15 Fig. 3 shows these relations graphically.
b= W OB D LD =R LU= Re) o W ((19)° Armature Power Output

Ve = Yacos (6 + 120) — y, sin (6 + 120) + ¢y The per-unit instantaneous power output from the
€. = eqc08 00— e,sin 0 + ¢ armature is necessarily proportional to the sum
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¢, 1, 4 e,1, + e.i.. By consideration of any instant
during normal operation at unity power factor it may
be seen that the factor of proportionality must be 2/3.
That is,

P = per-unit instantaneous power output

0 ]
= 2/3 {eata FCuily T+ Eclc |

Qubstituting from Equations (14) and (16) there

results the useful relation,
; P =e4iq+ eyiy+ €to (17)

(. Electrical Torque on Rotor

It iz possible to determine the electrical torque
on the rotor directly from the general relation,
{Total power output!

fmechanical power transferred across gap!

1+ Irate of decrease of total stored magnetic energy |
— total ohmie losses| (18)

However, since this torque depends uniquely only
on the magnitudes of the currents in every circuit of
the machine, it follows that a general formula for torque
may be derived by considering any special case in which
arbitrary conditions are imposed as to the way in which
these currents are changing as the rotor moves.

The simplest conditions to impose are that I, i
i 1., and i, remain constant as the rotor moves. In
this case there will be no change in the stored magnetic
energy of the machine as the rotor moves, and the
power output of the rotor will be just equal in magni-
tude and opposite in sign to the rotor losses. It follows
that under the special conditions assumed, Equation
18) becomes simply,
{armature power output| =
(mechanical power across gap] — {armature losses|

2r

3

‘o

or, P=Tp0- { 1.2 4+ 22 + 2.2}
=TplO—riif4+i2+1d)
Then,
T = per-unit instantaneous electrical torque
Cala ety + eoto+ 1 {18 + 1 + i
O 8 ey : 20

but subject to the conditions imposed,
eq = — Yop 0 =114
e, = Yap 80— r1,
ey = — 'y

It therefore follows that,

T =i, %a— ta ¥y (19)
— vector product of ¢ and ¢
=y X1 (19a)

a result which could have been established directly by
physical reasoning. Formula (19) is employed by
Dreyfus in his treatment of self-excited oscillations of
synchronous machines,'

D. Constant Rotor Speed
Suppose that the constant slip of the rotor is s.
Then there is,
ey = pa—1 ta— (1 — 8) ¢,
e, = p¥e— Tt + (L= 8) ¢

but, Vi = G (p) E — 24 (p) 14
Yo = — %, (D) Uy
Putting paa(p) +r = 2:(p)

pr,(p) +r =2z, (p
there is
eq=pG (p)E — 24 (p) iy + (L —8) x, (p) I, (20)
e, = (1= 8)[G(P)E — x: () tal — 7, (P) 1, (21)
Solving gives,
o= {pz, ) + A — 822, (PG () E — 2, (p) ea

~(1—8)a, (p)e,} = D(p) (22)
(1—8)rG (D) E = 24 (p) e+ (L —8) &y (p)ea
g = D (p)
(23)
where, D (p) = 24 (p) 2, (p) + (1 — 8)*a (p) 2, (D)

E. Two Machines Connected Together

Suppose that two machines which we will designate
respectively by the subscripts ¢ and h, are connected
together, but not to any other machines or cireuits,
and assume in addition that there are no zero quantities.
In this case the voltages of each machine will be equal

Axis Phase b

N :
Direct Axis of

g Maching

€4 & pirect Axis of
h Machine
gh
* .
e Axis Phase a
Axis Phase ¢
Fia. 4

phase for phase, and it therefore follows that the voltage
vectors of each machine must coincide, as shown in
Fig. 4.

Referring to the figure it will be seen that the direct
and quadrature components of voltage of the two
machines are subject to the mutual relations,

€hy = €,0CO80 — €,,8iN0

Cry = €,48IN 0 + €, €080 (24)

€0 = €,4C080 + €8N0

€y = — €4a SN0 + €5, CO8 0 (25)
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On the other hand, for currents there will be
it = — {{,q40086 — lyq 81N 0

Uhg = — (2,280 8 -+ 154 COS 0} (26)
bga = — {ipq €088 + i), sin 6]
tog = — {— 2,480 & + hq COS B (27)

F'. One Machine on an Infinite Bus
In (E), if machine % has zero impedance, it follows
from (20) and (21) that e,s = 0, ¢,, = bus voltage
say = e.
Then for machine ¢ there is,
e; = esin
€, = €080
G.  Torque Angle Relations
From Equations (11), (12), and (19), there is,
Luo¥e  Liyy

€x, L

(28)

Bia— &g

] ZEN ; d’nf Epw

Talk,

=

Then if the rotor leads the vector ¥ by an angle §
there is
Yo = — ¥sind
Ya = Ycosd

I, ¢ I;¢siné Lo — X )
T =% o055 4 - — + —,—~ ¥'sin 25 (29)
Ll } Lt | Wl gl ]

A derivation of this formula for steady load con-
ditions has bheen previously given by Doherty and

Nickle.
H. Three-Phase Short Circwit with Constant Rotor Speed
Maintained

Since a three-phase short circuit causes ¢; and e,
to vanish suddenly, its effect with constant rotor speed
maintained may be found by impressing ¢, = — €0,
g = — ¢,0 in (22) and (23) where ¢,, and €,0 are the
values of ¢, and e, before the short circuit. The initial
currents existing before the short circuit must be
added to the currents found in this way in order to
obtain the resultant current after the short cireuit,

With s = 0 and F constant there is in detail,

2y (p) ean + x, (p) e, Ty E— tew— 2,04
e B gy SR DO g By
y D (p) : e e

~ gai () e

L0 4

r'E— ren+ 2454

R (‘."JE.,J_;

D (p)

R o
(30)
The working out of the formulas may be illustrated
by consideration of the simple case of a machine with
no rotor circuits in addition to the field. In this case
there is
T (p) =2,

2y Top + x

e ('“} ’i‘ll P - 1 .
) D+ ay S
Di(p) = ¢ —"?TI_I— o N (R

5
.I',;' ?‘n L‘;_‘ Xy :
S Penn
a0y Ty 0
bk [J",,-’ r rl‘ll (g + r S .f'.,] P.'!
+[r @a + 2y + 1 T0) + 24 . Tolp
_-'-- ) S ik
Top +1
d (p)
AR (31)

- Top 41

By the expansion theorem there is, finally,

By

‘f'.f == ., e —
. e
Y (Loan + 1) (&, ay + 1) euo + X, eq0) €°P
b S Leta b D (@ate 41w + ayew) e
—d a,d’ (a,)
1
L‘ 4
g rL R,
g =5——— 4 N
s == g Ty e—

@a" Toa® + (2q +r Ty) o, + 1) ean— (Th a2’y + x4) ey

a, d (a,)

et (32)
where the summation is extended over the roots of
_ J d
d(a) =0and d' (p) = -‘-{—;)- d (p)

The phase currents may, of course, be found from

00018 |
00016 I\

\
00014 l \

00012 Values of o
00010
-0.0008
0.0006

+0,0004 -

0.0002 4

0.5 10

— —t—t

P
15 20 25 30

Values of r

Fra. 5

Equations (32) by the application of Equations (14).
For the particular case

Ty = 2,000, 24 = 1.00, &, = 0.60, ,/ = 0.30
the roots «,, ., oy of the equation d (p) =
found to be as shown in Figs. 5, 6, and 7, where

0, were

Ay = o, + oy
&y = Oy — Yy

[t will be noted that, as would necessarily be the
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case, where r = 0, «, is equal to the reciprocal of the -
short circuit time constant of the machine, . e, for 0 = ——— 8¢, and referring to Equation (28),
=) =
Ty 1 ¢q = cos st
Gy == sy 0.001667 ¢, = sinst
hile f If we now introduce a system of vectors rotating
A P R 3 ) )
whlei0r7 at s per-unit angular velocity there is
1 - : ed =
Q) o o SRR 0.000500 g 1'0_
N gy = ==0]
i = & (33)

Values of a,

6 05 10 15 20 25 30
Values of r

F1a. 6
The root ., is found to be almost exactly equal to
the value which it would have were T', = o, 1. e,

r (g + @) :
@, = —5 5 approximately

Values of &,

Values of 1

Fra., 7

Thus, in the special case considered this approximate
formula gives
®a = 2 % 0.30 % 0.60

= .60\

which checks the result found by the exact solution
of the cubie.
I. Starting Torque

On infinite bus and with slip s, there will be, choosing

Then from (22) and (23),
la= (78 (s) +r—J(A—8)x,/ (s i +
(sad (G8) +rllisxy (78) + 7]

+(A—=8)rad (8)z (h8) i

.‘J]- {l = 3 8) .?'.I.‘." (j 9 =r

e ‘r-tI_—_Z 8w, (18) w, (98)+)s rlas' (7 8) |—.-.'.,'(j s)]

. " x iy r | ¥ . ,ow
= J2, 8~ 1”5 (+ {2 (F8) 2, (08)
r g ! r ¥ o) \ ! LR Y -
i 0s r+jsd (8 + /(78N (34)
. Fsad (G8) +r] (=) — (A1—=8)x(]8)
(o e S = T 5 Hpe T e L
d P (1=2 8)aa'(j )z, ' (7 8)+7 s rlza"(J 8)+a,” (18)]
. Dl e ;
A (S 1- s | = Tyl (08) 0y (5'8)
Z ) 8 ( ] " (j | 35
= T it 8 .-...l'.' (7'8) 1 & 1.“‘,‘ )
E TR W T 8@ 8) = 78] | (
The expressions [or average power and torque then
become,

P, = 1/2]eq.ta+ ey 14
Tow =1/200,  a— Ta- ¥
where the dot indicates the scalar product, or
Po=1/2[11.0.— 7.1
— 1/2 [Real of 7, — Imaginary of 7, (36)
There is in general,
g+ 11a=p¥a— (1 —8) ¥,

eq+ 11y = (1—8) Ya+ D ¥

q

lea + ria— (1 — 8)|
| 8.+ T .4:,{ p
Va = I S Bl e T
P —(1—8) ‘
‘ (1—8) P
p (e 4+ ria) + (1= 8) (¢g + 1 1)
i e e ) ; — (37)
"t + (1 — 8)
y (e, + 1i,) — (1 —8) (eq + 7 14)
i £ P T e _—__.."f — (38)
pr 4+ (1= 8)*
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tis =
U js (e, +73) — (1 —8) (eadr La)
T 1-2s
with e; = 1,0,e, = —
J8+jsrda+ (1—8)(—7)+ A—-8ri,
Ya = — o =
1—2s
. — (1 — 28)7 + r (1814 + (_1 — 8) e.'q]_ _
i 1-2s
=—9+ 1= 2% 081s+ (1 —8)7,] (39)
J8(=j+ri)—A1-8)—r1—28 i,
Ve = 1—-2s
! = (1—-28) +7[i8t,— (1— 8)1,]
- 1~ 2
1 2 y 5 y
=—=1+4+ T [j 81y — {_] — 8) 24] (40)
Thus,
. . » r . . -
i) = s 1—9s (sta+ (1—8)i,)
P =12 2
— Tgo(—= 1) =34, -2 (181,— (1 — 8)1,)

. (A—8) @2+ 1
S o) 4 —
Pot 3029 o

o T A i

LA Lo rs g
= P + 5 (@ + 1) + 2(1-259)
| 2 l‘q . J 3'“‘

12+ 14 rs ! ot WL

= P., +r e vias + g['_l_—-___s) (1, +722) (41)
Mr. Ralph Hammar, who has been engaged in the
application of the general method of calculation out-
lined above, to the predetermination of the starting
torque of practical synchronous motors, has suggested
an interesting modification of formulas (36) and (41),
based upon the fact that, since the total m. m. f. con-
sists of direct and quadrature components pulsating at
slip frequency, it may be resolved into two components,
one moving forward at a per-unit speed 1 — s 4 s = 1.0,
and the other moving backward at a per-unit speed
l1-8—-8=1-2s Thus from this standpoint half
of both the direct and quadrature components will move
forward, and half backward. Since the quadrature
axis is ahead of the direct it follows that as far as con-
cerns the forward component the quadrature current i,
is equivalent to a d-c. j ¢,, while as regards backward
component it is equivalent to a direct component

— 71, It follows that the vector amounts of forward
and backward m. m. f. or current are

: L
forward current =i, = D) (a +71,)

e
b =79 (ta—J1,) (42)

backward current

If we define by analogy,

] .
forward voltage = D) (e 11 €3
1 ,
backward voltage = > (ea=Je,) (43)
There is,
N
Yy = -'? -]—_2—-}‘— + 9 [2" () 8) + a," (78)] [ =+
i s ¢ . . s e
tq (18)x, ()8) + l o T + 782 (7 8)

+ 2, (G 8))

=750 (G8)=2"(8)] ( +1 w/ (Gs)x, (48

-
{— 2. Fisfxd (Gs) + a, (78D
2y =1 (44)
ey, =1 (45)
P.. = e .1 = real of i (46)
¥

Tiv = Pyo + 112 + iy (47)

1—-2s
J. Zero Armature Resistance, One Machine Connected
to an Infinite Bus

Assume that a machine of negligible armature
resistance is operating from an infinite bus of per-unit
voltage ¢, at synchronous speed, with a steady excita-
tion voltage E,, and displacement angle 6, At the
instant ¢ = 0, let 6 and E change.

There is,

: Ey— ¢ 1 G (p)

= Ly Tz, (p) At . (p) AR
¢"J" l

R ©, &, (p) A ¥

i = €Co80
Y, = — esind

F'rom which there is, by obvious re-arrangement,
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i !
E — ecosé Xy — &4 (p) Ty — & <
§ig = SSES——— (py (cos 6y — oS 0) e e Pt f e sin 6 (w) &' () d u
1 Xaq (p) O e il
!
l}ﬂ (¢ (p) &a . 1 — .
N rixs (p) Ak = | Uwie L ] AR (w)du (48a)
4 Ly il ] ‘.'
e sin f) Q=) i = : ) ,
g = — Js g —— — (sind — sind,) (48) esing
&y Te 2, (p) by -
s
Then, ,
1 . Lg — & i N o
.. Eesinag Xy— T, o + e ———— \ Agn € %' ) 0" cos & (u) 6’ () du
1= a7 —)}——-r’ sin 26 LgXq 5
m Eesing e (r,— .r,j 9
r_, x, (p) . . R o Lo ———— o SN 20
L eteos 0 —— (‘m—* (sin & — sin 6,) (49) Ty Ty
Xy — .'. \ . . N
. &= Ta (D) 5 SHPLE }— =——sinj 2 an € '”'“-"f €' gin d(u) 6/ (u) du
-+ €-8In 0 = (cos 00 — COS 1y
&y xy (p) 1

Za () — .r-.;_G (p)
(p)

— ¢sin

But quantities a,,, a,,, ¢, Cgny bay B, may be found

such that

- A

2, — 24 (p) 2, — @, ~ -

el T e N gy €W
a, (p) T pradl

(50)
2y — 24 (P)
gy (p) 24"

ri(p)— 2,G (0
e S i) X

S . A Bl
Tl = o iia)
24" = T4 ()
2 Bin = 1.0
Y, = 1.0
) b,, =10

It therefore follows from the operational rule that,

1l

J () F(t) =F (o) b (1) + Jq‘) (t—u)F' (w)du (51)

where,
@) =f(p) .1
that if
6 =6(1)
pé = &' (t)
AE = AE (1)
pAE = AE (1)
Fquations (48) and (49) may be rewritten in the form,

E — ¢cos 6

la =
&y

o

. H o g — & ¢ | X
|-t ﬁ"[-c.}sr’i\ A gn € “ont I e“n cos 6(u) 6’ (w) du
ST . .

g W g
' /| ]
i

¢t ] € AR (u) du (49a)

r’ sin 6 \ }
= s e

L

Formula (49a) may be used to :]clemnnc starting
torque and current with zero armature resistance, by
introducing 6 (1) = s, 8’ (t) = s. Thus the average
component of torque is found to be,

I Pt &
Doyi= \1 gn

& zroql
1 ., — T, - Hoyn 8
b o D G (52)
Gy Ay + 8
Since
¥ §

3 . 18 never greater than 14, and
o - gt

Xogm= Ja L= s 0)
it follows that 7',, is never greater than

(53)

uquaL]nn (53) thus provides a very ~.|mplv eriterion

" the maximum possible starting torque of a syn-
rhmnnua motor of given dimensions, when armature
resistance is neglected.

The same formula may also be used to obtain
a simple expression for the damping and synchronizing
components of pulsating torque due to a given small
angular pulsation of the rotor.

Thus if the angular pulsation is

Ab = [Ad]sin (st)

and if the pulsation of torque is expressed in the form
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d X, — a," Ay P
AT‘:'lu; _("—__ . — o2 ‘5 .‘.ina
T, Ad + T4 T Ad + tegd ¢ cos E e o 8
there results, Therefore in the case under consideration there is
e BT @y, 8 for machine «,

T, = Ty + ¢¥8in? 6, .
2 : Ly @y e (vg,)t + 8°

R I Qg 8°
+ ¢ cost By ———— ’

@ 05 E (@) + & (54)

" Ta— Za' N Qan 8,
sT, = e sin 6, — \ e —
— (vg,)* + 8§

— Xy Uun 8 gy

ol
== 22 CORY Do — b :
Vg, Ll ()t + &

where,

. eloco86y € (24— 2,
Doy = — =il '

€Ly TqL

! cos 2 g
it

0o = average angular displacement, . e., total
angle = 6 = 0, + Ad.

[t can be shown that for the case of no additional
rotor circuits, Equations (54) are exactly equivalent to
Equations (24) and (25) in Doherty and Nickle’s paper,
Synchronous Machines ITI. The new formulas herein
developed are, however, very much simpler in form,
especially since in the case which Doherty and Nickle
have treated, there is only one term in the summation:
thatis,n = 1, and « is merely the reciprocal of the short
circuit time constant of the machine, expressed in
radians.

K. The Equivalent Circuit of Synchronous Machines
Operating in Parallel at No Load, Neglecting the
Effect of Armature Resistance

Let, 0, = angle of rotor ¢ and bus
0y = angle of rotor a in space

In general, the shaft torque of a machine depends
on its acceleration and speed in space, and the magni-
tude and rate of change of the bus voltage as a vector.
If all of the machines are operating at no load and if
there is no armature resistance, a small displacement
of any one machine will change the magnitude of the
bus voltage only by a second order quantity; conse-
quently for small displacements the magnitude of the
bus voltage may be regarded as fixed, and only the
angle of the bus and rotor need be considered. Further-
more, the electrical torque may be found in terms
of (6) by employing an infinite bus formula. But
Equation (49a) implies the alternative general opera-
tional form,
el 806 e (xy— x,)8in28

€T 2 &Iy .T,‘,

T =

o W

Ly — Ty = ‘1 yu P
—————¢t 8in g > ————— 20586 (49b
Tamd T & P+ g \49D)

7. - [ el, ln @i = 2ga) ] .

xd’rx Lia '-}.'qa
"
Tga — X o
iy qu »
'F- = I € E Ayqa . 541 (55]
Loa Bya P+ Oy

where: ¢ = per-unit bus voltage
I, = per-unit excitation of machine ¢, ete,
This equation can be represented by Fig. 8, in which
the charge through the circuit represents (5,) and the

Riy R2a Ria
= H 0
o ch Cg,, Cn;.

Fra. 8

voltage across the circuit represents the electrical
torque of the machine (7',).

The capacitances and resistances must be chosen
80 that

(' Lia :rr,.-r 56
LT — Nl - n - A ‘
i el 2, + e (Xga— 24a) )
(! LoaLya'
M @ e (T — B
R :
1’”' i Cnrl aﬂif!l
The equation for the mechaniecal torque is
T,o=Ta+ M,ps, (57)
where:
M, = inertia factor of machine a in radians
2 X stored mech. energy at normal speed
B base power
e wope (TEYper min. \ 2
visoe + ( 1000
=2mf
base kw.
8, = per-unit speed of machine a
| | i
t = time in seconds | p = di
But, 8, =m0,
Thus there is
7‘;”1 = T‘n + Ma p: Bu (573)

which corresponds to the equivalent circuit of Fig. 9,
in which change = @,
L‘ra b= Ma

The machine operating on an infinite bus can be
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represented by the equivalent circuit of Fig, 10, since in the inductive branch of the circuit. Thus a gover-

the condition nor which acts through a single time constant may be
B, =6, =0 represented by the circuit of Fig. 14, where

is fulfilled.

. R!: R», ~
Several machines in parallel on the same bus may be LJTA{“ rj L“m {: “M]_m
ﬁ& - . 1= Y
I = S
I TOITN— —! TN — —
Ly Tea Ly Ty
La | == faic —
| Fia. 11
-
; - H
T-‘:a | L1111 L e — CLLELT ] —
Fig. 9 —— |}
C
represented by the diagram of Fig. 11, since the con- Fro. 12
ditions
0~ 04 =0,—06,=. . .(= bus angle in space)
T, + T, + T, ete. = bus power output = 0
A transmission line may be represented by a
condenser, L
Thus two machines connected by a line of reactance
() would be represented by the circuit of Fig. 12, where
- 'J. F
&= (58)
& R
Shaft torques are, of course, represented by voltages,
p
B TSEI
——Coa e
Fra. 13

sa"pga Lﬂ —r

Cia
T, I e
I
I
|
Tsa
T Cna
Fig, 10 I
Mechanical damping, such as that due to a fan on a Wi, 14

motor shaft or that due to the prime mover, is repre-

sented by resistance in series with the inductance (L)

as in Fig. 13. (R) must be chosen equal to the rate Ry =

of decrease in available driving torque with increase

in speed. _ time constant of governor in elec, radians
Governors and other prime mover characteristics Ciaml e oL R . - (59

may also be represented by connecting their circuits ‘s

regulation
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An induction motor is represented by the simple circuit

of Fig. 15 and is precisely the cireuit of a synchronous

machine with only one time constant and €, = = on

account of I = 0,

Results similar to these have been previously shown
by Arnold, Nickle," and others, but simpler and more
approximate circuits were used, the branches of the
several circuits were not directly evaluated in terms of
machine constants, and the derivation was incomplete
in that the limitation to no load and zero resistance was
not appreciated.

L. Torque Angle Relations of a Synchronous Machine
Connected to an Infinite Bus, for Small Angular
Deviations from an Average Operating Angle

There is, in general,

T=Ti+ AT = (Yuo + Ava) G+ A1)

— (tan + A2i) (Yo + Ay,

For small angular deviations,

A "!' = !“J.;II i ¢'a.f + ¢..‘|| A "I-J = I;.rll a 1‘1’., = ';/,,un A 3‘.:’
= {Wao + i, (p)] Aty — (Yoo +i0xa(p)! Ais (60)

F1a, 15

CantA ei=p AYa—1r{an+3 i) — W+ A ¢,)(L+p A d)
eptAe,=p Ay, ~r(iq+AL)+ (Wit A ) (1+p A6
Aes=pAYa—1rAila— YopAd— Ay,
Ae, =pAY,—rAil,+ YapAd+ Ay,
from which there is

2o (P) Ada— 2y (p) Aiy = — Aey— Yop Ad
Zo(P) Adg + 2a(p) Ada=— Ae, +vuypAd
A i,f =
?_’f._!p]{_ Agq— ’J/r!” pA d) + Ly (}))<_ A €y i \!’r“' v 4 5)
D (p)

(61)

Aj, =
Za (D) (= A, + YupAd)— 2y (p) (= Aea— Yoo pAb
R g D (p) o - .
where,
D (p)y = 2 (p) 2, (p) + x4 (p) z, (p)

but from Equations (28),

Gao+ A€y = esini(d, -+ A8

€ 1 Ae, = ecos (0y + Ad)

Aey = ecos0, A0
Ae, = —esind; Ad 62)
A=
~(ecos 6y + Y0 p) 2, (p)+(esin by + Y p) 2, (p)
D (p) fi=
A, =
(e sin 0y + Yo ) 24 (p) + (e cos 8y + Yoo p) 2, (p)
= S s P = = A0
D (p)
(63)
(esin &y + Y p) 24 (p)
[Yaa v, (p)]
(e cos 6y + Y0 p) x4 (p)
A= (64)
(ecos by + v, p) 2, (p)
F Wt (p)]
(e sin 0y + Y p) 2, (p) )
— = e == T Ao

D (p)
say,
AT = fi(p). Ad

From (57a) the equation for shaft torque becomes

AT, =M p*+f(p)).Ad
Thus,
i : i 65
Ad = e (65)
M p* + f(p)
Appendix

Formula for Linkages and Voltage in Field Circuit with

no Additional Rotor Cirewits

In this case the per-unit field linkages will depend
linearly on the armature and field currents. That is,
in general,

W =ual—=">iy,

Then if normal linkages are defined as those existing
at no load there must be a = 1.0.

The quantity b may be found by suddenly impressing
terminal linkages ¢, with no initial currents in the
machinesand £ = 0.

By definition there is, initially

V.

f

i = —
Ly

A
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but also there must be from the definition of «/*
I — ¢

A

hence there must be an initial induced field current of
amount

But, initially the field linkages are zero, thus
=y l——7+ 7 =0

hence b 2!
Similarly, there will be
E = per-unit field voltage
= ¢p¥ 4 dI
Normal field voltage will be here defined as those
existing at no load and normal voltage. This requires
that d 1. The quantity ¢ may then be recognized
as the time constant of the field in radians when the
armature is open circuited, since with the field shorted
under these conditions there is
(Top+11I=0

cpW + I = 0
v =1
¢ = T, = time constant of field with armature

open circuited.

Bibliography
1. Doherty, R. E. and Nickle, (. A., Synchronous Vachines
7. A. 1. BE. B. Quarterly Traxs,, Vol, 48, No. 2, April, 1929,

9 Park, R. H. and Robertson, B. L., The Reactance of
Synchronous Maehines, A. 1. E. E. Quarterly Tians,, Vol. 47,
No. 2, April, 1928, p. 514.

3. Park, R, H.. “Definition of an Ideal Synchronous
Machine and Formula for the Avmature Flux Linkages," General
Elee. Rev., June, 1928, Vol. 31, pp. 332-334.

. Alger, 2. L., The Caleulation of the Reactance of
."IJH’Ir'}ll’f'fJ.’Ji)-a.‘i ”i.'r'f.'.-"rrr'.u_ _\. l. |: |‘}, (,‘II:II‘H‘I‘L\ 'l'li\'\.‘-,, \'lll. |‘:‘
No. 2, April, 1928, p. 493.

5  Doherty, K. K. and Nickle, C. A. Syuchronous
Machines [V, A. 1. B. E. Quarterly Trans., Vol, 47, No, 2,
April, 10928, p. 457, Discussion p. 487,

G. Wieseman, . W., "-'J'r.'_.'u'l.'n“mr Determination of Magnetie
Ficlds; Practical Application to Salient=Pole Synchronous Machine
Design, AT, 1019, Trans, Vol. XLVI, 1927, p. 141,

7. Doherty, R. FE. and Nickle, €. A, & inehronous
Vachines 1EHL, Torque-Angle Chiaracteristics Under Transient
Condifions, Al I[. E. K. TRANB, \-II[. \I,\I‘ i'i_’-‘- P Le

8. Bekku. 8. “Sudden Short Cirenit of  Alternator,”
Researches of the Bleetrotechnical Laboratory No. 208, June,
1927.

0. Dolerty, R. E. and Nickle, €, A Nynehronous

Machines I and 1I, An Ertension of Blondel's Two-Reaction
Theory, A. 1. B. B, Trans., Vol. XLV, pp. 912-47.

1), Niokle, (L A, ”.-i'f'”r-_r,'.-'rﬂI.’J.‘.'-a' Solulion rlI-" Eleclro-
meckonieal Systems, Ao 1. B B Trans,; Vol X LIV, 1925, pp.
S44-850,

11. Dreyfus, L., “Ausgleichvorgange Beim  Plotzlichen
Kurzsehluss von Synchron Generatoren,” Archiv f. Elcetrotech.,
a5 1053, 1916,

12, Drevius, L., “Ausgleichvorgange in der Symmetrisehen
Mehrphasenmasehine,” Elekivotech. w., Maschinenbau, 30 § 25,
121, 139, 1912,

13. Drevius, L., “Freie Magnetische Energie Ziwisehen
Verkettoten Mehrphasensystomen,” Elektrotech w. Maschinenbau,
208, 801, 1911,

14, Dreyfus, L., “Binfuhrung in die Theorie der Selbster-
regten Schwingungen Synchroner Maschinen,” Elektroteeh. u.
Vaschinenban, 29 8. 323, 345, 1911.




/-—1,"'1... /J_E,o ,/m
.4/-‘./\_ rd(

/ ﬁ a--w M/‘-’MW m«p‘-’f
_,L/?/‘-“'\- W fiﬁz _/w - .Q /,\_

-:-—*jr;:/ g 4.,{ s a/(-w" wi;u e
‘wﬁ-’ﬂ-’"’( o*-a';f "‘Z/Zr,{ 7 rw/zt a,a,,z,yf,L vi— A ,7‘-«::—7{*/4& M.,—:z,f. _M?'
""m ¢/ch S R~ :_a-m,f:: E-#ﬂ?'* M A 1:-1)-—-1‘_/(. ,G LMJ{

— -} fr :l
ot w’»ﬂd/m GW\-& Z.-L/f,/"‘? /f“/”"e é}«uuz.fv«c/z_l_

e Koce M :::?’ o/ M&r / /
' d7EADY O7HrE

Cfxm’%ﬁp STHFOR < AP K270%., LA, Ve 7RGE,
) - /%(,% .:’Z/CM’L M 4*—0—11, AR, .~ C{,-L.(; M‘é—m— AR ‘,{,LWW. ‘
fft&-/"(’ f/ = :’, HE C-' Muﬂ f G; ;j +& c:’ o~ Mf_ Sty A L{-L Co—t u-f_!'_::‘mgff’tg‘
S (B T4 b i
Sy = j c"’""’( . oot /Zré&@ /P{ : g,vr...-{/\L
7Tl ’?""4_ Cr gL ‘,..--;-\_,f#{_ 2. Q_.c.q._.-rd;(!'e &"/fﬂ Méf_ﬂ’w ""-J ri-:_ﬁ«i—y't"ﬂ..gt

e FL{;’:/ /5 o

4

1

f = / ﬂ?"' 4 ”(" S = ﬁdﬂf-;ﬁ-&‘@// = o~ \f—t o—-:.;.._a-—} 7 Vﬂ:;r“"
-’L_/ #‘—’t -—'M - = A 4”“7‘ f(// a‘fe—ﬂb-ﬂ-—‘favw t--/\- 4.47[ L-{‘-( Mﬂz?\ﬁ4mi7114.»

: 1"I - —r
q“/""‘p../f IL {- -’8. 1—‘*vjw"‘* .X/"'\.-—d/ -{/L/{' w1 ML‘LV"‘ a_.n-"'-(, (‘Z-{/L'La"»(_,—-‘.._-{"ﬁﬁ.-‘? ’P’{’,/“e?/c Al L (__4‘__"

Lﬂﬂ..}f‘f"?—"v—&—f /"" wfu(. %"/l -cfdj --'f“”vamM L aeel Z?u x,f.:./, c&':;-?g-;rﬂ

/%W ,% Mv‘//fi-rh't—*-“‘"w/ "%Q-Mﬂﬂ—(n»—\.// e .,’/ s?‘,,{ ,-g-m»—-f L d’/«/
e e R et e
/ e / i ""/&N—:&j'ﬁcf .
APE, 7/ 2
'_/F)‘ /’- = J... /. - ‘-/ — ,"...: —
,/cfgt«/_? ke (AL ﬂ*:; {' \_4./( il:-gf ‘-"’"‘(v‘-—v\. 2 .,Jmﬁ :/:4 e /f‘:“-'M:f«’-’ S ns ‘é"‘—"'\:j
)&%@ ZI{,,M/;(] /«JC") 2z s ‘w"‘ -Lru.' R;
-.//w-?!)]" /w—x)zj "‘- s (‘(- 4/ Us'zz).
g ‘*, = Bd /‘75#?/ :
el ,c? R A :
} Z:, = ‘-7-[ "'/-‘W/V ('@_.;z) @—"7)%‘3:5:40
7 ‘-UMS-Z' e R /
b iR " (el

= [-l—rw/ /‘if fcfw/(’f( /
2 - Do g4 R




Al i e

__,Jd/ )MZZ-) s /5”/%

Ao

: —_—f .
/@'awd&ww P A~

(oo &4 grren 2

,,gM ;M,ézw Al .F 129 } ' - k),

;'“G*Z,f)z; # g/}{g =

L

;v

/

e

’ﬁ%ﬁé’ L P s =

A

S

-

7% 8 ¢
0 < Tl o
Sudt

,/) e

;%‘W“ﬂ? Lo aa-i.-r—mme.. 7“2‘ .-L-:-t/ri/z’:ﬁ WV(ZZL( /ﬁ

e ‘/\wé‘\_,{._ ﬁr. e 2 P ‘,4/-;,./

MM/ZJZ,{ %‘W

P L«WMLF &/ AF< ;// /H/*-"Cf V{, /é:ﬂ’

“:.:-*-,I-.,; W w,nvz;{f dzf ,fd/?wt. zw—d— .,;zM ]/f/ﬂ

- o r - M-ﬁ'—-‘?/

/r-m.x f % 94/( /y-‘:.-g;, AL

—

/
il wli t ! “
: I ‘f— e T= ’/{ ;
/ /’w p /
Z = “i( e
7 7 7 A ,. - %
/ﬁx:ﬂj_ -":/-cr“'/‘:,) A2 tFL’/*JL'r?/{ ._1.’\, L // ,(_,4 _a -{‘)"'Lrt./‘- '—4?
. v : .
4”\,,«./17‘ Z Sz W,‘/?’"' nAL AU"‘O e ?,..,s.fe. e u...:e_o
' / L . == 7
/"1& 745-'-«—4-»— 4"-’--1*-—v (S L,-:r/ C?'M- . W r’"‘"‘!"ﬂ; LAM—
Waadlr: ) and T ler (728 (@7 w}

[;

-

b

2=

J"-Ur

K" +/P11

: T*Mf)z = Fz -
w”"fmm 4 13, /A1),

?/&4-4‘(—/2::‘7/&#.{’{1, /1 fvu-w» ug,
\q*{‘,-prudf.) = F 5 MI/’MZ

/“-’7‘5 -/w?"s ﬂf

(St )7 *‘“]}(f‘”‘z [“"7

z__._

f@’smﬁ‘ -/ .5—;1)7‘
*(‘.J.Lda)Z: ”/——(77 Zk \:\.,.

Fwt

waZ

1w Gy-w)T
)J-g[/ )?‘//77 w) Jz.// )

£-fullZ

Jz-fﬁ7‘)ﬁf7-:z;

;J /fwf ff/ff*w)f

) . M- =

[Can. w)f)

- Lf""" *’f) %

@)
(3).




15

Qs/ﬁ Mﬂﬂw ./%Mfﬁff#&mw

e v

f’v ZA/( e d?,%fz WM,//? ;z,«wa? 7. ckae e
%—Mf'%f,-ég) ,&;7, L.aa/ﬁ,uo-'/\ /‘5// %‘,@ A= e 4 ZZ{(
._%-f‘vtzl_ P s &8 -p?f,h W w%ﬂz,f‘é,_r{
e ;i ey
7 1 Wl 11-w)? -] =
(1‘+r5w2 )I " 2 ﬁﬁ/} Z’/ 7“—7‘;- 2/ it ij?“’g%’/; ,? \/7 =
it o 3 |
o /W Z L - s 7 =
Z /et i]é fI(r[ZJ/* ,;/Y/'ws,#f T;M{[&JS)I % g _z-zf"“"‘_};??"“")t =
< 754—/'004];;*3/7/40.5_{, F| # ,zfisau .g;/ = 0,
-4 : 4 ) -rswv
/""4( .2; Y"zq-erJﬁqﬁ-j—?/‘/ wsIS// i 3 J‘wﬁ—él% =
&L ]
{Za_v‘f,zj;%?rg:cj, | "m&m

A r X (T =G

%’w_%,_—m-«

CQ)M Mwugz

wé‘/"*t -{W 4!7‘
(’(‘ +hipl? # ﬁd’ ( AP \2 =
Gty sk
e = e )T
G‘*"'O’)? + Za *f“’f/ - f(@n-w) Zf/z« )) 4 |
%MM %W SIS //
o Vévm . i . A /
2 L5 +_%',2‘ /wcea,&ol #—z-,g,z?;

77//47 ijﬁa,zz&y it

Mf

—
__ —_—

((‘-ruul)f —_
(‘ﬂt—" /”f“")j‘l} = ’r—;g-‘-‘/‘/w-w): o .




o de| = '
2 % 2 2. A .
Rl BB ;-3@—«’«-«23,7
..; Zf ZN gl
] e = < el
= >, ZMwSs ._/__,L'zﬂ_;u—""f ‘w_/'?'s
2 7 o w <, LR
2o twl U]
o s 7V A
” — L 3 /-23
2y + gz‘vw 5//;(-’1"‘/ ’?‘5)2’/
+E A Z‘Zﬁ “'v"Jf Ai Z
= ;/I < = Y) +/VU_ 4
g = = L Z = +/ﬁ'7z-«ﬂl
g +- -,
£ - @_3_4/—“‘ E//¥q % =
2 Z J#%,/) E =) tral, (r2s)l,
= < A
W 7 \ 7 + B ) ' { '
Jg[fa?n-w/'( 7= -J,gﬂ—.zsw-— = (=4 %M las) £, ‘f—-
AL z, % % %)) s




I —T""\
Z= 2 m ws?’ = £

I.‘,a‘x-' : Z,
A sl whee g = o) TIE + o (hri5)%

‘?J' = T}&lel

| z 2,2 G+(whs. Z, = ‘i*aﬂ"""é”")- _ J




'-:a?é— cogwT + g M@a{-w)l‘”)

:.?/;qul—/-_é e w/_‘za-)ifr/ 5
&'1&)'4 Zi{ /V“"’t‘:'/:'/\ W”‘"‘“ v A7 M{M
z -;'f'j (///M/(? 2

o T
= {Wsw‘?f

#




Notebook # ?

Filming and Separation Record

unmounted photograph(s)
negative strip(s)
2 unmounted page(s)

(notes, drawings, letters, etc.)

was/were filmed where originally located between page ' ° and

Item(s) now housed in accompanying folder.




SR B i Uno)

* fr--' f_-; # 7
-4-",2@; ] i T i M(.’Z‘af~w)z“>

=9 coo w44y 00w w290

4 ) w
)

3 cg) A




Notebook # °

Filming and Separation Record

unmounted photograph(s)

negative strip(s)
S unmounted page(s)
(notes, drawings, letters, etc.)

q

was/were filmed where originally located between page ' ° and

Item(s) now housed in accompanying folder.







-y T8 -i TP
- _ 9
2
o
w~S)Z
\
|
\
:
| &







== R

e s .LIIJ\\V) 15«\» \\L\\.‘J\»\JNI\:













19

PULLING INTC GTEP OF A SALIENT-POLE SYNCHRCHOUS
r MOTCR UNDER LIGHYT LOAD CONDITIONS.

A sallent—pole motor when brought up to speed as an induction

motor usually pulls into synchronism and operates as a reluctance motor, if
the shaft load ia small and other conditions favorable. The salient—pcles

follow the rotating m.m.f, of the armature by an angle sufficient to supply

the load on the shaflt, This reluctance torque as a function of the gngle
“{ is a sin 20 term. The reason that it depends upon the double angle is becuuse
ﬁﬂ the polarity of the salient poles is not definite but depends upon the position.
§§i In other words the salient pole is a mass of iron that eadeavors to place itselfl
in a place where the meximum flux will exist and it does not depend on whether
X the £ield is north or south.
\:\1 The synchronous torque expressions for the saulient—pole machine as
N

given by Uoherty and Nickle at the a.l.f.5, convention in June 1926, are

BV xg V' a
p= —psin® + ——s—i= sin2o
z

L

Fov]
()
i
™

R ——

- E; (V= & coas 9).

The first term (sin ©) is the synchroniaing power due to the field

current. L 48 the induced e.m.f. in the stetor., V is the applied potential,
2 -{\4- ‘ﬁd'l?
3 3 &Y = ; = the
B is the reactence in the direct axis. :azxq vhere xq the reactance

in the guadruture axis and r = the armature resistunce,
The second term (s8in 2 ©) is the reluctance power. The lust tem

corrects for the losses that exist in the amuture. The sum of thase comr

ponents eyuals the lmput to the motor.
Before the field current is connected the input to the motor is ejual |

to ]
V2 (x4 = xq) r v o
P = sin 2 © + =g
22 2

Core loss has been neglected here. In case measurements can be




;—-7"""’"%__” T ——— r_, . T ik 2

} e 5

Be

mede then the core loss should be subtracted from P before it is equated to

the other quantities.

_ r V8

P~ (core loss) = ) sin 2 ® + —3
Z

The shaft load being small (only windage und frietion), sin 2 ©
will be small and satisfies the eyuation in four positions for each 360
alectrical degrees of' displucement. 'wo of these angles are unstable
(90 and 270 degrees ) since the slope of the torque curve is negative., The
two possible opernting angles are 0 and 180 degrees. 7hen the motor pulls
into step as a roluctance motor it may be at either of these angles (0 pr 180
degrees, )

Thus when the field is conneeted to & supply of d—ec. there ure three
possiblilities; (1) the motor will operi.te at zero engular displaccment

but with a much smaller armature current.

(2) The motor will operate at 180 degrees oI angular
displacement but with increased aurature current.

(3) The motor will not operate continuously es case (2) if
the field current is large enough. In this case the
motor must slip & pole, resulting in voilent pulsations
of current und power.

The three attuched vscillogrums were taken for the three caces that

are listed above.

Decemboer 1l6th, 1920,
H. Z. Edgerton.

Massachusetts Institute of Technole gY.

T |
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Ze

mede. then the core loss shculd be subtructed from P before it 1s equated to

the other quantities.

2
v (Id.—xq) r Ya
P = (core losa) = ) sin 2 © + —5~
- 2

The shaft load being small (only windage and frieticn), sin 2 ©
will be small and satisfies the equation in four positions for each 360
slectriecal degrees of' displucement. Two of these angles sre unstable
(90 and 270 degrees ) since the slope of the torque curve is negative. The
two possible operating angles are 0 and 180 degrees. Jhen the motor pulls
into atep as a roluctance motor it may Le at either of these angles (0 pr 180
degrees, )

Thus when the field is connected to a supply of d~c. there ure three
possibilities; (1) the motor will operute at zero engular displacoment

but with a much smaller armature current,

(2) The motor will operate at 180 degrees of angular
displacement but with increased arature current.

(3) The motor will not operate continuously as case (2) if
the field current is large enough. In this case the
motor must slip & pole, resulting in voilent pulsations
of current und power.

The three attuched oscillogrums were taken for the three cases that

are listed above.

December 18th, 1929,
H. £. Edgerton.

Massachusetts Institute of Technole g¥.
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The motional differential equation of synchronous torgues
that detemines the angular translents of a synchronous machine that is

connected to an infinite bus is the following:
pj_‘!“_g + Fp sin @ = load (any function of tiue)
dt

The electrical damping tern has been neglected since it is usually saall.
The first temn representes the torgue that is due to the accelerntion or
deceleration of the combined rotating mass of the motor and loades The
segond represents the synchronizing torgue between the two cauponents of
magnetic field which are due to the applied amaature voltage =md the field
currant.

The coafficients "’j and P, will now be detemuined in units of
llowatts, electrical degrees, and seconds.

Inertia torque = JOL in pound feet
WR®

where J = -—G = the moment of inertia in poundals

X = the angular acceleration in mechaniecal
radlans per aooondz.

4 & ; - 2 'I'l‘ﬂz o B
Inertia power = % {IX) 28 (-8- )9\ 4n pound feet per

second.

' &
If we express the acceleration in electrical degrecs per second then

i

since & mechanieal radiens = 180 p electrical degrees.

0 5 O 5 0 N O ) ) e ) e o [, . e ey o




-

The expression for the inertia power can be now written in tems of \
! &

kilowatts, electrical degrees, and seconds as

_ ol 2m URY,_ 81 a%- o740 '
Inertia power in kilowatts = %0 {-é;)(m) 7Y 550

= i |
at (2) |

| &

whore P, = 0.154 x 106 BHET)  or 18.8 x 106 £, (wR®)
P = |

e

since n=f¢ .L’:Q.
P
The maximum synchronizing power for a thres-phase rownd-rotor
aynchronous machine which has negligible amature resistance is
l) ‘.l'-'&

By = emmeeie el lowatts (3)

1000 =x '

where V = {emninal phase voltuage

, = induced phase voltage due to the field current. ]
\

gynchronous reactance per phase.

{f the magnitude of the angular oscillation is not large than
the slope of the power angle curve may be considered as a straight line.
‘his assumption meltes egquation 1 a linear differential equation. The

510pe of the power-angle curve is

oy iy 3

lona = P ! CUS » ol — . il

LOPE ‘i == ~~=—=e~ Kilowatis per electirical degre:
o .;,U

and the linear differentinl equation is

- ) mem—— @ = load in kilowatts.
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The expression for the inertia power can be now written in tems of

kilowatts, electrical degrees, and secouds as

[*] e )
2n :9_-
Inertia power in kilowatts = ___(:m :LET ('M) . ._?5%3‘

dg~
(
i
= PJ -g-?-
at* (2)

where PJ = 0u154 x 10-6 B(KE®) or 18.8 x 10°0 -g«d ('Rg)
P P

since n = £ 220
P
The maximum synchronizing power for a three-phase rownd-rotor

aynchronous machine which has negligible amature resistance is

P = S VE

m = Too0 x [Kkilowatts (3)

where V = teminal phase voltage
L = induced phase voltage due to the field current.
x = gynchronous reactance per phase.
If the magnitude of the angular oseillation is not large than

the slope of the power angle curve may be eonsidered as a straight lins.

This assumptlon makes equation 1 a linear differential equation. The

slope of the power-ansle curve is
= e————— kilowatts per electrical degree

and the linear differentinl equation is

2
p, 42 4 p 2080 g = 1pad in kilowatts.
J dta na 90
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The differential equation iz analsgous to a series circuit of

inductance L and capacity C which has the differential equation

2
Li% + & = L
at e

The natural frequengy of oseillation of en electrical eircuit

is known to be

¥ = .1_. I ¢gyeles per second.
2n | e

Similarly the frequency of mechanical osclllation is
R L[]

gmz cos ©

F = .}— "I.g‘—
;m_“xnj 90

—_—

= De268 S W
'1{' x £ (WiR)

Selving for the moment of inertia

W = 0,072 YR _C08 8

x £ 7%

He Le Hdgerton !
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