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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

COMPUTATION BOOK

GENERAL INSTRUCTIONS

In all work in which accuracy and ease of reference are important, much depends upon carrying out the computation in a

systematic manner. The following instructions, taken from the Engineering Department Figuring Book of the Allis-Chalmers Co.,

serve as a guide in this matter.

“All computations, of whatever kind, are to be made in these books, except in cases where

special blanks may be provided for specific kinds of computation. Computations may be made
in ink or pencil, whichever may be more convenient. Pencil figuring should be done with a

soft pencil. All the work of computation should be done in these books, including all detail

guring.”
“Each subject should begin on a new page, no matter how much space may be left on the

previous page. The subject, with the date of beginning it, should be plainly written at the top of

the first page of the subject.”

“Work should be done systematically, and as neatly as consistent with rapidity. The books are,

however, intended for convenience, and no unnecessary work should be done for sake of appearance

only. Errors should be crossed off instead of erased, except where the latter will facilitate the work.

Work should not be crowded. Paper costs less than the time which would be expended in attempting

to economize space in making erasures.”

“Where curves drawn on section paper (or sketches) are necessary parts of a computation, they

should be pasted in the book, except where specifically otherwise provided for.”

“Computations should be indexed, in the back of the book, by the person using the book.”
okkk Kk?
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Preliminary proof. Subject to revision.

T'wo-Reaction Theory of Synchronous Machines
Generalized Method of Analysis—Part I |

BY R. H. PARK:

FoGER! v

Synopsis.—Starting with the basic asswmption of no saturation
ar hysteresis, and with distribution of armature phase m. m. f-
:fectively sinusoidal as far as regards phenomena dependent upon
rotor position, general formulas are developed for current, voltage,
power, and torque under steady and transient load conditions.
Special detailed formulas are also developed which permit the
delermination of current and torque on three-phase short circuit,
turing starting, and when only small deviations from an average
aperaling angle are involved.

In addition, new and more accurate equivalent circuils are

developed for synchronous and asynchronous machines operaling
tn parallel, and the domain of validity of such circuils is established.

Throughout, the treatment has been generalized to include salient

poles and an arbitrary number of rotor circuits. The analy-
818 1s (hus adapted lo machines equipped with field pole collars
or with amortisseur windings of any arbitrary construction.

It is proposed to continue the analysis in a subsequent pu per
wr ke . E's

HIS paper presents a generalization and extension
1 of the work of Blondel, Dreyfus, and Doherty

and Nickle, and establishes new and general
methods of calculating current power and torque in
salient and non-salient pole synchronous machines.
ander both transient and steady load conditions.

Attention is restricted to symmetrical three-phase]
machines with field structure symmetrical abou
the axes of the field winding and interpolar space,
but salient poles and an arbitrary number of rotor:
circuits are considered.

Idealization is resorted to, to the extent that satura-
tion and hysteresis in every magnetic circuit and eddy

fu Ts, 1. = per unit instantaneous phase currents

e., €,, €. = per unit instantaneous phase voltages

Vu ¥1, Yo = per unit instantaneous phase linkages
iI = time in electrical radians

d
a

ee = PyY.— Ii,

en, = pn — ri,

e. =p. — ri.

It has been shown previously® that
b I,cos8— I,sin 6

a Lo ro +x, I. in + 1.
[ia + in 4 01— TTT [ Uy — —5]

Then there is

Axis of Phase a

Direct Axis |
\

Direction of
Rotation

A oo

Ia oY
 I/F /

Lo A \ iQuadrature Aft 2 \ [
Axis of Phase b Axis of Phase ¢

et0

gis [i cos 2 8 + i, cos (2 0 — 120)

+ 7. cos (2 8 + 120)
Vy, = I, cos (6 — 120) — I, sin (6 — 120)

_tatd+i wmitx,r. I + i.
—- Zn 3 "3 [ - 5 ]

Tq — xr, ¥ .

a — fi. cos (2 8 — 120) + i), cos (2 § + 120)

+ 1. cos 2 61 (2
b. = I, cos (0 + 120)

 1, sin (0 + 120) — «|

Ta + x; 4 Ta + 1 7
Ts [ TT 2

Biggie

Fic. 1

zurrents in the armature iron are neglected, and in
the assumption that, as far as concerns effects depend-
ing on the position of the rotor, each armature winding
may be regarded as, in effect, sinusoidally distributed.”
4. Fundamental Circuit Equations

Consider the ideal synchronous machine of Fig. 1,
and let

*General Engg. Dept., General Electric Company, Schenec-
:ady, N.Y.

tSingle-phase machines may be regarded as three-phase
nachines with one phase open circuited.

[Stator for a machine with stationary field structure.
‘For numbered references see Bibliography.
Presented at the Winter Convention of the A. I. E. E., New York,

N.Y. Jan. 28-Feb. 1. 1929

rg — xy 4 .

a [7.cos (2 0 + 120) + i, cos2 8

where,
+ 2. cos (2 6 — 120)

70%



PARK: SYNCHRONOUS MACHINES

= per-unit excitation in direct axis If there is one additional rotor circuit in the direct
per-unit excitation in quadrature axis axis there is,
direct synchronous reactance E—1
quadrature synchronous reactance Vv =I + Xpeliw— (@a—2)14 = To
zero phase-sequence reactance “Pp

As shown in the Appendix, if normal linkages in i
the field circuit are defined as those obtaining at no Vie =Xnadlio + Xu — x0 diy = Tox
load* there is in the case of no rotor circuits in the
direct axis in addition to the field, which gives,

» = per-unit instantaneous field linkages (X= Xena Top +1
=] — (x;— a), G(p) = AD)

where,
I = per-unit instantaneous field current To Tora [Xia @a— 20") = Xj1u Tonral 0°

2 + [(@a— 2") Tora + Zura Ta] p
p=3 17, cos 0 + i, cos (6 — 120) + 7. cos (6 + 120)} xe (p) =20— —— Ap) -—

3)
On the other hand, if n additional rotor: circuits

axist in the direct axis there is,
d=] + XI + Xu I.

 + Xiu I. - (24 -_ x4) 1s

where,
A (Pp) =[X1— X14 AY pH Xa To+Tud p+1

If there is more than one additional rotor circuit the

operators G (p) and x, (p) will be more complicated but
may be found in the same way. The effects of external
field resistance may be found by changing the term I
in the field voltage equation to R I.- Open circuited
field corresponds to RK equal to infinity.

Similarly, there will be
L, w= [x, — Xy (p)] iy (8

where,

l=—73 {1a sin 047, sin(0—120) +17. sin(6+120)} (3a)

where,
I, I., . . ete. are the per-unit instantaneous cur-

rents in circuits 1, 2, ete., of the direct axis, X14, X/2a,
. . . ete., are per-unit mutual coefficients between the

field and circuits 1, 2, ete., of the direct axis.
Similar relations exist for the linkages in each of the

additional rotor circuits except x, — x.’ is to be replaced
by a term r,. However, since all of these additional
circuits are closed, it follows that there is an operational
result

ILi=1+1,+1.,4+... .4+1.
=G(p)E + H (p) ta (4)

where E is the per-unit value of the instantaneous field
voltage, and G (p) and H (p) are operators such that

Go =1 G(x) =0
Ho =0 H(o)=a,—2,

x,” = the subtransient reactance?

It will be convenient to write H (p) = xs — 24 (p}

and to rewrite (4) in the form,
Ii=G®E + [xs— x4 (p)] ia (4a)

If there are no additional rotor circuits, there is, as
shown in Appendix I,

 Vv =] -— (xg— x.) Ta

E=T,p¥v +1 9
where T', is the open circuit time constant of the field » = —{¢, sin +e, sin(0—120) +e. sin(0+120)} (6
n radians. 3

There is then,

, 1

CO) =7 +1

x) Top + x4 Vimz iv, cos 6 + yi cos (6 — 120) + ¢. cos (6 + 120)]
ry (p) = Tro a1 ’Wn + 1

Ty (0) =X, Xx, (=) = x,

So far, 10 equations have been established relating
the 15 quantities e., ei, €., La, Ts, te, Yay Yip Yor Tay Tos
I, I, E, 0 in a general way. It follows that when
any five of the quantities are known the remaining 10
may be determined. Their determination is very
much facilitated, however, by the introduction of
certain auxiliary quantities e,, e,, es, to, Yu, Yas Yu.

Thus, let

2
pie : : : ye

*This definition is somewhat different from that given in Ve==T {Yasin 0+, sin(0—120) +. sin(04+120); (7.
‘eference 2.
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1
bo= 3 { Yo + vo + ¢.}

then from Equation (1) there is
2

a=7 {cos 8 p Yo+cos(0—120) p yy +cos(0+120) p ¢.}

yo

2
Cg=—"g {sin 0 p y. + sin (0—120)p¥»

+ sin (0 4+ 120) p ¢.} — r ¢,
€o =D Yo— Tio
but,

2
P¥a=g {cos0pYa+cos(60—120)p¥s

+ cos (6 + 120) p y.}

2
-g {sin 0 Yu +sin(6—120) p ¢,+sin(0+120) p yo} p 6

=e + Ti+ Y,p0
2

py, FL ert 3g {sin 0p ya + sin (6 —- 120) p ¢u

+ sin (0 + 120) » ¢.}

2
3 [cos 6 ¥. + cos (6—120) ¢, + cos (6 + 120) y.}p 0

=e +ri,— Yap
hence there is

eq =PYa—rla— Y,p 0
Cy =D Yg— Ti, + Yap 6
ey =pdo— Tig }

Also it may be readily verified that

Ya =1Ii— 2480 =G(p)E — 24 (p) 1a (11)

bo = 1o— 200, = — 2, (p) 4g (12)
ba = — Zn Za (13)

Equations (8) to (13) establish six relatively simple
relations between the 11 quantities ey, e,, €o, 4, 1, To
Ya, Yo Yo, BE, 0. In practise it is usually possible to
determine five of these quantities directly from the termi-
nal conditions, after which the remaining six may be
calculated with relative simplicity, After the direct,
quadrature, and zero quantities are known the phase
quantities may be determined from the identical
relations

ta = tgc08 0 — 1,sin 8 + 4,

bp = tacos (0 — 120) — 7, sin (6 — 120) + 4, (14)

le = tacos (8 + 120) — ¢,sin (0 + 120) + 4,

Jo = Yacos0—¢,sin0+ ¢,
bv = Yacos (0 — 120) — y, sin (0—120) + ¢, (15)
be = Yacos (0 + 120) — y, sin (8 + 120) + ¢a

2, = e0080—¢,sin8+ e,

&amp; = eqcos (0 — 120) — e, sin (8 — 120) + e, (16)

2. = ea cos (6 + 120) — e, sin (8 + 120) + e,

Referring to Fig. 2, it may be seen that when there
are no zero quantities, that is, when e, = y, = 4, = 0,
the phase quantities may be regarded as the projection
of vectors e, ¢, and 7 on axes lagging the direct axis by

Axis of Phase b
nv

\
** Direct Axis

Axis of Phase a

7

Axis of Phase ¢

Fia. 2

angles 6, 6 — 120 and 0 + 120, where taking the direct
axis as the axis of reals,

e = €4 + J é,

v= Va +7 Yo
1 = 4 + J ty

[f we introduce in addition the vector quantity,
I = I, + J Iq

the circuit equations previously obtained may be

DirectAxis
xi drop

Te

transferred into the corresponding vector forms,
e=py—ri+p0liy
v=I—-1u

where, Ll = Tata + J 2,0,
Fig. 8 shows these relations graphically.

B. Armature Power Output
The per-unit instantaneous power output from the

armature is necessarily proportional to the sum
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ate + € 15 + €.7. By consideration of any instant D. Constant Rotor Speed
during normal operation at unity power factor it may Suppose that the constant slip of the rotor is s.
be seen that the factor of proportionality must be 2/3. Then there is.
That is,

P - per-unit instantaneous power output

= 2/3 {eata + Ts + Etc}

Substituting from Equations (14) and (16) there
cesults the useful relation,

P = €q 1q + [2 iq + (2) 20 an

C. Electrical Torque on Rotor
It is possible to determine the electrical torque

on the rotor directly from the general relation,
{Total power output} =

mechanical power transferred across gap!
irate of decrease of total stored magnetic energy}
!total ohmic losses} (18;

However, since this torque depends uniquely only
or. the magnitudes of the currents in every circuit of
the machine, it follows that a general formula for torque
may be derived by considering any special case in which
arbitrary conditions are imposed as to the way in which
these currents are changing as the rotor moves.

The simplest conditions to impose are that I, I,,
{4 1, and 7, remain constant as the rotor moves. In
this case there will be no change in the stored magnetic
snergy of the machine as the rotor moves, and the
power output of the rotor will be just equal in magni-
tude and opposite in sign to the rotor losses. It follows
that under the special conditions assumed. Equation
'18) becomes simply,
‘armature power output] =
‘mechanical power across gap! — {armature losses

 uy =pya—1ia— (1-8) ¥,
Eq =p, — Ti, + 1-8) Ya
fa =G(D)E—2a(p)ia
bq = — X4 (p) iq

Putting pe (Pp) +1 =24(p)
px, (p) +1 =2,(p)

there is
ea =pG PE — 24 (p) ia + (1 — 8) 2, (P) 1 (20)

eq = (1— 8) [G (Pp) E— x4 (p) tal — 2, (PB) % (21)

Solving gives,
 = pz, (0) + A= 8)?x, (GP) E — 2, (D) ta

~(A=8z,(p) es} + Dp) (22)

(1—8)rG PE —2:(p) es + A= 8) za (p) a
D (p)

(23)
where, D (p) = 2a(p) 2, (p) + A= 8)* xa (p) %4 (P)

E. Two Machines Connected Together
Suppose that two machines which we will designate

respectively by the subscripts g and h, are connected
‘ogether, but not to any other machines or circuits,
and assume in addition that there are no zero quantities.
in this case the voltages of each machine will be equal

Direct Axis of
~h Machine

Avie Phase a

2r . .

or, P=Tnh— 5 {12 + 42 +12}

=Tp0—r{i+i2+i2}
Then,
T = per-unit instantaneous electrical torque

_ esta + eq to + ". 7 Sor {14° + 1a? + 10’
it — 5

but subject to the conditions imposed,
eq = — Yo 0 — 114

e,= va 0— 71%
er = —T To

{t therefore follows that,

T = 14 Ya at 14 Va 19,
= vector product of y and

=¥ XT (19a
a result which could have been established directly by
physical reasoning. Formula (19) is employed by
Dreyfus in his treatment of self-excited oscillations of
synchronous machines.

/ :

Axis Phase C

Fia. 4

phase for phase, and it therefore follows that the voltage
vectors of each machine must coincide, as shown in

Fig. 4.
Referring to the figure it will be seen that the direct

and quadrature components of voltage of the two
machines are subject to the mutual relations,

ena = €,aC08 8 — €,,8ind

ery = €,48IN 8 + €,, 080 24

Cpa = €,4 COS 8 + €1,8IN0

2,0 = — €rqa8SINO + e,,C080
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On the other hand, for currents there will be

Tha = — {{,4008 8 — 14 Sin 8}

the = — {1,488 + i,, cos 8) (26)

toa = — {i4ac08 8 + i, sin 8}

loa = — {— G448in 8 + 7,, cos 5} (27)
F. One Machine on an Infinite Bus

In (E), if machine % has zero impedance, it follows
from (20) and (21) that e,q = 0, e4, = bus voltage
say = e,

Then for machine ¢ there is,
eqs = esin

€, = €cosd By the expansion theorem there is, finally,
G. Torque Angle Relations . 2, FE

From Equations (11), (12), and (19), there is, a= TT T. 1,
I va I, ¥ Lag— 2 3

— “rz. 1287 CN Tan + 1) (2, an + 7) ean + 2, eqn)
« q « —_— P’ mroni

i — u and’ (a)Then if the rotor leads the vector ¥ by an angle §
here is rE 8

Vv = — ysinéd TED
Vv == COS 0

I I:ysiné Ty— x
T ==2woud pVEng | iza, ¥’sin 24 (29)

z. Xa 2 aX,

A derivation of this formula for steady load con-
ditions has been previously given by Doherty and
Nickle.

H. Three-Phase Short Circuit with Constant Rotor Speed
Maintained

Since a three-phase short circuit causes e, and e,
to vanish suddenly, its effect with constant rotor speed
maintained may be found by impressing ¢, = — 2.0,

€q = — eyo in (22) and (23) where e,, and eq0 are the
values of e, and e, before the short circuit. The initial
currents existing before the short circuit must be
added to the currents found in this way in order to
obtain the resultant current after the short circuit,

With s = 0 and E constant there is in detail.

2 (0) ean + x, () eq 12% E—rew—z, €q0
D (p) : ‘ + x. Xa

. 2d (p) a0 — X4 (p) Eo 1 4 rE — T €40 + Xa Cac
we D (p) : +x. x,

(30;
The working out of the formulas may be illustrated

by consideration of the simple case of a machine with
no rotor circuits in addition to the field. In this case
there is

(xa Ty a? + (xq +r Ty) a, + rye, 0— (T. a, zy + Tq) 40
a, d’ (a)

ent (32)
where the summation is extended over the roots of

d
d(a) =0andd (p) = apt)

The phase currents may, of course, be found from

re (p)=2,
xq Top + 24

ty (p) =Trop rl

CELLET CN pnPN = TT

Equations (32) by the application of Equations (14)
For the particular case

Ty = 2,000, 2, = 1.00, zr, = 0.60, z,/ = 0.30

the roots a, as, a; of the equation d (p) = 0, were
found to be as shown in Figs. 5, 6, and 7, where

ay = a, + a

a3 = 0, — Qa,

It will be noted that, as would necessarily be the
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~ase, where r = 0, a, is equal to the reciprocal of the x
short circuit time constant of the machine, i. e., for § = 5 8 t, and referring to Equation (28),
r = 0,

eq = cO8 St

¢, = sinst

If we now introduce a system of vectors rotating

at s per-unit angular velocity there is
ed = 1.0

eg = —J

p=78
Then from (22) and (23),

o= {fsx Ge) +r—jA-98a/ (Gs) +
(Gsxa (Go) +rllisad (G8) +7]

+ (L-srzd Ga (8)

_ jl-28)2/ (Gs) — 1

rt (1—28) 24/(7 8) 2,’ 8) +J 8 [xa( 8) +2(F9)

Loe r hm PO
jal GO)—(Tg, (+ 12/28)

Tr ' : .tr r+ iss G8) +2 G8) | (34)
1-25

 lism G+=1-9/3)
The root a, is found to be almost exactly equal to ~*~ 7+(1-2 s)xa'(7)x,’(J8)+78rlea’(78)+x,”(78)

he value which it would have were Ty = «.1.e., }
r

r+ xo) , Levan +o + {2d (F8) 2d (79)
 7 ——— approximately 1-25

r 5 . .

big r His Gs) +20 on (35)

The expressions for average power and torque then
pecome,

Po =1/2]eq.%a + €q. 14]
i = 1/2 [tq . Ya - 1a . Val

where the dot indicates the scalar product, or

P,, =1/2[1.%4a— 7.14
= 1/2 [Real of 1, — Imaginary of 7,]

There is in general,

a+ Ta =DpPV¥a— (1-138) ¢,
2, +119 = 1—=8)va+ DY,

Joo + 7%- (1- sl
€, + Tq Pp

Pp - (1-3)
|a-s) p

pes +110) + (1—8) (eg+710)37
7+ (1-8) =)

bo = of + (1— 8) ra

whileforr = o

which checks the result found by the exact solution
of the cubic.
r. Starting Torque

On infinite bus and with slip s. there will be, choosing
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1-2s

, Isle, tri) —(1—5) (ea + ria)
- 2,

— J 1, It follows that the vector amounts of forward
and backward m. m. f. or current are

1
forward current =i, = 5 (ta +7 1,)

with eq = 1.0, e, = —7

y, cis tisriatA=9)(5)+1-8)ri,
1-25

— (1-28) +rljsia+1~89),
1- -

1
backward current = i, = 3 (fa—7ji,)

(f we define by analogy,

42

1
forward voltage = 5 (ea + Je,)

r

Testa + 1-94]

Fri eg rll
1-43 .

i
— (1-28) +rljsi,— (1— 8)iy

1
backward voltage = 5 (ea— je.)

There is,

-2r Ce , |13s tid Gs) +2 (js)

: r ; :

2G) (G8) + Tg, r+islx G9)

a

r . - . ’

Tost. — (1— 844] (4C

r
: Na

I, (— 10 +r Tas Usta tA —9)1,)

. ’ . r . . .

“ae (— =a. 77575gsi.— (1-8).

r (1-8) (G2 + i)
= P, +5 o&gt;

RUZ BL 25d, 42

P + r (2 + 2) + rs
= av oa (lg Td 01_ 9oy

2 21-259) 24. i i
12 + ia? rs . ..

=P, +r 2 + 21-2 3) (tq +770) (4D

Mr, Ralph Hammar, who has been engaged in the
application of the general method of calculation out-
lined above, to the predetermination of the starting
torque of practical synchronous motors, has suggested
an interesting modification of formulas (36) and (41),
based upon the fact that, since the total m. m. f. con-
sists of direct and quadrature components pulsating at
slip frequency, # may be resolved into two components,
one moving forward at a per-unit speed 1 — s + s = 1.0,

and the other moving backward at a per-unit speed
L—8—8=1-2s Thus from this standpoint half
of both the direct and quadrature components will move
forward, and half backward. Since the quadrature
axis is ahead of the direct it follows that as far as con-

cerns the forward component the quadrature current 7,
is equivalent to a d-c. j ¢,, while as regards backward
romponent it is equivalent to a direct component

Thus. +2, (78)

Jl (Gs)=2(5)+1 i (8) 2 (78)

Tt+yslxd (Gs) +2) 78D

“0 44)
(45)

real of i, (46)Pp

T.
: r ;

Por oe (47)

Zero Armature Resistance, One Machine Connected
to an Infinite Bus

Assume that a machine of negligible armature
"esistance is operating from an infinite bus of per-unit
voltage e, at synchronous speed, with a steady excita-
ion voltage E,, and displacement angle §,. At the
nstant ¢{ = 0, let § and E change.

There is,

. E, — Yao 1 G (p)

b= TT py At oy AE

1

z ) Ay,
be = ecosd

b, = —esinéd

From which there is, by obvious re-arrangement,
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E— ecosé Xi — Za (D) Ty ~ x :

TT. te Zaza(P) (cos dy — cos 9d) +e“ar &gt; gn € dnt f en" sin § (u) 6’ (u) du
0

 P=CPa
2a xa (DP)

sin 6 Ty — X (p) :

tC Tra) nosing) (8) , _ sin

N b, 8 [ou AE" (w)du ‘48a

Then,
E e sind ty —

r- = 202, Zim Ze e*sin20
Ta 2x02,

r,— 9 ¥ :

e-— &gt; ayn 6% f en" cos 6 (u) 6’ (u) du
0

won

becoss “TP (ing gin gy

ve ing =Ze®) 0s 5)SIO za (p) (COS0—C

 1 Eesind e (x,— x,
— +5 sin24

xq 22,2,

:
Ca — 24", ]

Tr sind &gt; ta. eet f en" sin §(u) 8’ (u) duaX

2G

x — 2G_ eosin§ Zep) = 2G (p) CAE
Za Za (Pp)

But quantities aay, 04n, an, @gn, ba, 8, may be found
such that

Xe — 24 (p) 2,— 2,” —
A 1s HN, euz, (p) 1 &gt; !

a ‘

‘ —2 \ a, an

7 cos Aon € 5 ¥ %n¥ cog §(u)6(u)du
0

] t

esin S bh, eb f "AE (uw) du (49a
xr. »

Formula (49a) may be used to determine starting
torque and current with zero armature resistance, by
introducing &amp; (¢) = st, 6’ (¢) = s. Thus the average
component of torque is found to be,

12g — 2) Quy 8

et

ry — Za (p) oo. eH

La (p) ’ 1 vn &gt; Qyn ent

Ta (p) — Xu G (p)
Zab)” _ Bnzp) d= Dbe

50°

Lr tl 7
On

La » ed2)" = 2g (oe)

ry = 24()
2 an = 1.0

Ea, =10
Eh. =1.0

It therefore follows from the operational rule that.

Oyun S

Coa. 4 8?
c

4

Since

as

«a + gis never greater than 14, and

x Ain = x Ggn = 1.0

it follows that T',, is never greater than

1 [ Ta— 24" % T,— x,” |
4 x, 2." pom

!

f (p) F (1) “FO + four wdu (51
(53)

where,

-hat if
dM) =f(p.1

0 =461()
pd =0'(t)

AE = AE)

PAE = AE (t)

flquations (48) and (49) may be rewritten in the form,

, _E—ecosd

Equation (53) thus provides a very simple criterion
of the maximum possible starting torque of a syn-
chronous motor of given dimensions. when armature
resistance is neglected.

The same formula may also be used to obtain
a simple expression for the damping and synchronizing
components of pulsating torque due to a given small
angular pulsation of the rotor.

Thus if the angular pulsation is
Ad = [Ad]sin (st)

and if the pulsation of torque is expressed in the form
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ad
AT =T,A0 + Ta, AS

there results,

v Ta— 24"
I'y=T. + esin? dy ——r

Xa,
S agp 8°

(oan)? + s?

Ty x, Gn s? .
et eos? oy ————— &gt; —_—+ 0 2 2 (ctgn)? + s?

Xu— 24" gn 8 yy
3 Ty = e*sin®§y ———— Nm

&gt; d 0 24 x," (tan)? + s?

Zr, — 2, Aon 8 Oy
+ etcost by ——— &gt; —

‘ Tq," (ag)? + 8°

~here,
e I 4 cos 8o et (xq — x.)

Tun ry = Pa cos 2 Oo
&amp; Trax,

(54)

do = average angular displacement, i. e., total
angle = § = 8, + Ad.

It can be shown that for the case of no additional
rotor circuits, Equations (54) are exactly equivalent to
Equations (24) and (25) in Doherty and Nickle’s paper,
Synchronous Machines ITI. The new formulas herein
developed are, however, very much simpler in form,
especially since in the case which Doherty and Nickle
have treated, there is only one term in the summation :
thatis, » = 1, and ois merely the reciprocal of the short
circuit time constant of the machine. expressed in
radians.
K. The Equivalent Circuit of Synchronous Machines

Operating in Parallel at No Load, Neglecting the
Effect of Armature Resistance

Let, d. = angle of rotor « and bus

fl. = angle of rotor a in space

In general, the shaft torque of a machine depends
on its acceleration and speed in space, and the magni-
tude and rate of change of the bus voltage as a vector.
If all of the machines are operating at no load and if
there is no armature resistance, a small displacement
of any one machine will change the magnitude of the
ous voltage only by a second order quantity; conse-
quently for small displacements the magnitude of the
bus voltage may be regarded as fixed, and only the
angle of the bus and rotor need be considered. Further-
more, the electrical torque may be found in terms
of (8) by employing an infinite bus formula. But
Equation (49a) implies the alternative general onera-
-ional form.

elisindpo 22 4 er (xy — x,)sin2d
22.2,

Lyg— x4 a
ar © sin § &gt;—..L -»x 7 tn .cos6(49b)

rg — ££, , ‘ Gng P ]

“zre?cos0&gt; otonFansin6
Therefore in the case under consideration there is

‘or machine a,

el, Tiga — Xya

r= 2 rota tdLda Lag Lga

Yea — Lg" Y p \

Fa © Ge a Oe (55)

where: e¢ = per-unit bus voltage

I, = per-unit excitation of machine q, ete.

This equation can be represented by Fig. 8, in which
the charge through the circuit represents (8.) and the

Ria R2a Roa

HCH 0
i Cia Ca Cra .

Fig. 8

7oltage across the circuit represents the electrical
torque of the machine (T',).

The capacitances and resistances must be chosen
so that

Cc Lia Lya 56"
“Tela + € (Tae — Zga)

Cc Bou By”
na — 02 Buys (20a —- Zea")

Bua = Cra pga

I'he equation for the mechanical torque is
Tea = T. + M.ps.

where:

MM, = inertia factor of machine a in radians

2 X stored mech. energy at normal speed
hase power

0462 WR? (= per min. \2
-orf_—_  _\ 1000

base kw.

1. = per-unit speed of machine a

po d

t = time in seconds ( p="g; )

But, Se =p#0-
Thus there is

Tw=Ti+ M,p%8, (57a)
which corresponds to the equivalent circuit of Fig. 9,
In which change = 6,

L, = M,

The machine operating on an infinite bus can be
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represented by the equivalent circuit of Fig. 10, since in the inductive branch of the circuit. Thus a gover-
the condition nor which acts through a single time constant may be

6, =6, =0 represented by the circuit of Fig. 14, where
s fulfilled.

Several machines in parallel on the same bus may be

AE 4d

&amp; Fia. 11

Td a"sa

represented by the diagram of Fig. 11, since the con-
ditions

90~0s=0,—08,=. . (= bus angle in space)
T. + T, + T, ete. = bus power output = 0

A transmission line may be represented by a
rondenser.,

Thus two machines connected by a line of reactance
 ¥) would be represented by the circuit of Fig. 12, where

" 1G: 1

f
(58)

|
ot

3
Shaft torques are, of course, represented by voltages.

S..- WE

|”
Coa——

T sc
Le

Cha

ly

"ot

Tq. 13

SL

Come fnTin

————

1c 10

Mechanical damping, such as that due to a fan on 3a
motor shaft or that due to the prime mover, is repre
sented by resistance in series with the inductance (L)
as in Fig. 13. (R) must be chosen equal to the rate
of decrease in available driving torque with increase
in speed.

Governors and other prime mover characteristics
may also be represented by connecting their circuits

rex.

A
BR, = rm

¢ regulation

time constant of governor in elec. radians
C.=— —- — _-———————————— (50)
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An induction motor is represented by the simple circuit Ai, =

of Fig. 15 and is precisely the circuit of a synchronous 20 (P) (= de, + Yup AS — 2 (PD) (— Mey YauDAD)
machine with only one time constant and Cy = o on = ‘= TR er rsttoefe
account ofI= 0. D (p)

Results similar to these have been previously shown
by Arnold, Nickle," and others, but simpler and more
approximate circuits were used, the branches of the
several circuits were not directly evaluated in terms of
machine constants, and the derivation was incomplete
in that the limitation to no load and zero resistance was
not appreciated.
L. Torque Angle Relations of a Synchronous Machine

Connected to an Infinite Bus, for Small Angular
Deviations from an Average Operating Angle

There is, in general,
I'=Ti+ AT = (Yao + Ayu) (Go + AZ)

= (w+ A) (Woo + AY)
For small angular deviations,

AT = 400A Ya + Yao At, = Tuo A Vg— Yo Aly

= {Wao + ik, (p)} A i, — {a0 + T40 Ty (p)} Ady (60) (63
(esin 8y + Yao p) 24 (p)

[Wao+ia x, (p)]
te cos 8y + yo p) 24 (9)

iT (64)

[(ecos by + ¥pup)z, (n)
Hott2a(p)] \

sind + yop) En
D (p) *RQ

say,

AT =f) .Ad

From (57a) the equation for shaft torque becomes

AT, =Mp +f(p)).Ad

Thus.

Fig. 1o

eaotAes=p AYa—r(Tao+Ai)— Weot+ady,)1+p A)
etd e,=p AY, ~1(l+A1)+WatAy)(1+p A6)

Aes =pAvYa—TATi— Yup Ad— AY,
Ae, =pAyY,—rAi,+Yap Ad + Ay,

from which there is

Zq (») Ata— x, (p) At, = — Aes— Yop AD

Zq (p) At, + x4 (p) Ag = Ae, + Yap Ad
Ag =

% (P= Aei— Yop Ad) +x, (p)(— Ae, + Yap AS)
D (p)

1
Ab = rrr AT (65

Appendix
Formula for Linkages and Voltage in Field Circuit with

no Additional Rotor Circuits

In this case the per-unit field linkages will depend
linearly on the armature and field currents. That is,
in general,

V=0ql- b Ta

Then if normal linkages are defined as those existing
at no load there must be ¢ = 1.0.

The quantity b may be found by suddenly impressing
erminal linkages ¢., with no initial currents in the
machines andE= 0.

By definition there is, initially

1; = — ¥
or

31
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but also there must be from the definition of x,
F_ ot
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hence there must be an initial induced field current of

amount

I 1= Yq = ry )

But, initially the field linkages are zero, thus

v 1- —L boy
= Yu - x, o ~

hence b=a4— x.

Similarly, there will be
E = per-unit field voltage

=cpV¥+dl
Normal field voltage will be here defined as those

existing at no load and normal voltage. This requires
that d = 1. The quantity ¢ may then be recognized
as the time constant of the field in radians when the
armature is open circuited, since with the field shorted
under these conditions there is

cp +I =0
. v = +

¢ = T, = time constant of field with armature

aspen circuited.
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”

made, then the core loss shculd be subtracted from P before it 1s equated to

the other quantities.

| 3

V2 (xq — xq) r V&amp;
{core loss) etd 310 2 © +73

The shaft load being small (only windage und friction), sin 2 ©

will be small and satisfies the equation in four positions for each 360

electrical degrees of displucemnsnt, Two of these angles sre unstable

(90 and 270 degrees) since the slope of the torque curve is negative, The

two possible opertting angles are 0 and 180 degrees. Then the motor pulls

{into step as a roluctance motor it may Le at either of these ancles (0 pr 180

jeg roees, )

Thus when the field is connected to a supply of dc. there ure three

s088ibiiities; (1) the motor will operate at zerv engular displac.ment

but with a much smaller armature current.

(2) The motor will operate ut 180 degrees of angular

displacenent but with increased armature current.

(®' The motor will not operate continuously as case (2) if

the field current is large enough. In this case the

motor must slip &amp; pole, resulting in voilent pulsations

of current und power.

The three attuched oscillogrums were taken for the three caces that

are listed above,

December 18th, 1929.

H, I. Edgerton.

dassachusetts Institute of Technolo gY.
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seteminntionof Lae Luoment of

Inertia of a iynchronous !lachino

pengaring 1ts Ihmtinx Poriod.

ihe motional ferential equation of synchronous torques

winsionts of a synchronous machine that is

sonnocted to an infinite bus is the following:

£9 + Py, sin @ = loud (say function of tis
» dtc

she eloetrical duauping tema has been neglected since it is usunlly sunll.

ihe first tema reprosconts the torque tint is due to the aecsleention or

leceleration of the caublusd rotating mass of he wotor and loade The

second represents the gynchronizing torjue between the two caiponents of

angnetic field which are duo vo tae applied amature volsege nd tho Cield

ALTON-

“he ¢ “tS +

tilavatts, clectricnl dorieeos

Inertia tor:r

where

 and PL ow
- n

Lo. 3 2 ¥

geen1 ogee

7 deteruined in units of

“+ 1 teat

 » magaent of lonertia in poundais

ths angular asceoleration in wechanicel

radians per pocond~,

gr: Bem (HITE
(nertia power = = (JX) = 2h (yx in pound feet per

second.

~

(f we oxpress the nccolerativa in electrical degrecs per sccond then

“48
1850p ate

since £1 mechanical radisns = 130 p electrical Gegroos.



The expression for the inertia power can be now written in toms of

cilowatts, electrical degrees, and saconds as

m WARY BT 4% 740
{nervia power in kilowatts = Zn) x55) pov hi

a”9
atc

where - 0.1 - 1076 B(i®) or 1u.&amp; x 1076 £, (wi)
0

since

The maximum synchronizing power for a three-phase round-rotor

synchronous machine which has negligible amature resistance is

; 3 Vi2 SF comomminscomiten
m= 7000 x kilowatts

nhere V = tenninal phase voltage

» = induced phase voliaze due to the fiell current.

X = gyachronous reactance per phase.

If the magnitude of the angular oscillation is not larze thn

the slope of the povur angle curve ay be considersd as a atraisht line.

tuls asswuptlon makes ejuation 1 a linear differential eyuatione “ho

31lope of the puwer-ansle curve is

dope = + mn oes @
Cif)

ilowatis per electrical dosrec

and the linear differential equation is

2 a2 + p XL989 9 = 1o0ud in kilowatts.
3 op ms gO
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The expression for the inertia power can be now written in tems of

cilowatts, electrical dogrees, and seconds as

2m, wRY,_Bn_  34%- +746
[nertia power in kilowatts = 0 a ‘T) 12 boo

4°2

whore

since - oh

4
~ 2]

tT

-10=F az) or 18.8 x 10~8 L, (wr)
D

The maximum synchronizing power for a three-phase rowmd-rotor

aynchronous machine which has negligible amature resistance is

3 VEBp * emai
» = 1000 x kilowatts

zhere V = tenuinal phase voltage

&amp; = induced phase voltage due to the field current.

x = aynchronous reactance per phase.

If the magnitude of the angular oscillation is not large thin

the slope of the power angle curve any be considered as a straisht line.

this assumption malkos eguation 1 a linear differential eguatione The

slope of the power-ansle curve is

ona = 25 C03 0
kllowatis per electrical decree

and the linear differential equation is

2)
p 48 4 p M9080 9 a 10ad in kilowatts.

J ag ng 90
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{he differential equation is analazous to a series circuit of

Inductance L and capacity C which Lins the difforeutial equation

 5%
at

 Ir ~ ® KH.

The natural frejuency of oscil’-+ion of en electrical circuit

la known to he

vo LL cycles nar second
“er | Le

Amilarly the fregusncey of mechanieal oscillation 1g

eeA
an \ Pp

“eosOQ

cos €

)£7 ie

solving Lor the monaent - &gt; 4

 eG 7 aes Q03 9

iis ie idgerton
delete Howe 15, 1950
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