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THE PENNSYLVANIA STATE UNIVERSITY

322 MINERAL INDUSTRIES BUILDING
UNIVERSITY PARK, PENNSYLVANIA 16802

27 September 1966

College of Mineral Industries Area Code 814
Department of Meteorology 865-5222

Prof., H.A. Panofsky Bog A

Prof, Jules Charney
Department of Meteorology
|, (5 o

Cambridge, Mass.

Dear Jules:

In accordance with ouTr telephone conversation I am sending
to you the enclosed NCAR report.

Best regards,
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Dr. Jule
Institute
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PENN STATE CHANGE OF ADDRESS

Effective February 22, 1955,
the mailing address of The Pennsylvania
State University was changed to

teorology

UNIVERSITY PARK, PENNSYLVANIA

All mail intended for the main campus
(formerly sent to State College, Pa.)
should be sent to University Park.




August 6, 1953

Professor Hans A, Panofsky
195 Westerly Parkway
State College, Pennsylvania

Dear Hans:

Enclosed are the results of the time series
analysis of the data sent to us on April 11, 1953.

The quantities sent to you have six respectively
five significant decimal digits of which at most the first
three can be trusted. You will find a short explanation of
the results on the bottom of the data sheet.

The code was checked out by special input data and
the results should therefore by trustworthy.

I am sorry you had to walt so long to obtain these
results and hope that they are still of interest to you. As
for the computation of the other data, this is a problem to be
discussed with Jule. The machine has been dismantled and is
in the process of being moved and I am leaving the Institute
in September.

Sincerely yours,

Adolf Nussbaum

AN/cb
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March 10, 195

Charney
Institute for Advanced Study
Princeton University
Princeton, New Jersey

Dear Jule:

hank you very much for letting Cooley work on the turbule
pectr

D a ®

I hope to be in Princeton the Monday after Easter, Ap
Hope to talk to you for a little while about wvarilous

particular, I have completed Chapter V of the Navy tex

deals with numerical forecasting. I am very anxious :
Gilchrist read this chapter before I throw 1t to the w before
I come to Princeton, if possible.

leteorology
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Dr., Jule Charney
Institute for Advanced Study
Princeton, New Jersey

Dear Jule:

Many thanks for your letter. In view of your proposed
a

trip, I am changing my plans to be in Princeton June 6,
7, and 8. I hope to see you thgn for a short time.

Some of the physicists here have made some very pleasing
comments about your speech in Washington. You seem to
be leading a one man campaign to raise the physicists’
opinion of us meteorologists.

Best regards,

H.A, Panofsky
Assoc. Professor




Profegsor Hans Panofsky
Pexnaylvania State College
School of Mineral Industries
Mineral Industries Building
State College, Pennsylvania

Dear Hans:

This is in reply to your letter of May 5. I would be
glad to see you in Princeton on any date that is convenient
to you; but unfortunately I am leaving for the West coast ap-
proximtely June 11, therefore, I hope it will be possible
for you tc get up here before them. However, i1f it is not
posaible for you, Nussbaum will be here and I hope it will be

enough for you to discuss your business with him.
The code has taken longer than we had planned, but it

is now finighed and we should run the computations within the
next few days.

With best regards,
Yours sincerely,
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March 27, 1953

Professor H. A. Panofsky
Department of Earth Sclences
Pennsylvania State College
State College, Pennsylvaniz

Dear Hans:

Thenks for your kind remarks about the meetings.
Also thank you again for your own contribution. I found it
very interesting and would like to discuss the subject with
you again. I certalnly do think you should continue along
the lines you are now following. This fleld must be developed.

Concerning your visit. We shall be glad to have you
come on Tuesday, April T We have soume meetings on Monday,
April 6 and cannot be sure when we will be free. The invita-
tion is also extended to Mr. Miller. Normen Phillips has done
the programming of the spectral computation for time serles
and will be on hand to dlacuss matters.

Best regards,

Sincerely,
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Dr. Jule Charney
Institute for Advanced Study
Princeton, New Jersey

Dear Jule:

The proposed arrangement for processing our data by the
Princeton electronic computer will take quite a bit of
detailed discussion, partly between you and me and
partly between your coders and me. Would you be so very
kind to make arrangements for me to talk to your
assistants April 6 or 7.

If nossible, I would like to talk to you for perhaps a
couple of hours one of these two days. Also, Mr. Miller
of our staff would like to see you about the same time
concerning his studies which deal with the relationship
between surface weather and the free atmosphere field of
motion. e

I believe that the symposium at Atlantic City went
extremely well and I learned a tremendous amount. One
of the things I would still like to discuss with you is
whether you think there is any sense in our continuing
along the lines of objective analysis which we are now
doing. Hope to see you soon.

Best regards,

Hams

H.A. Panofsky
Assoc. Professor
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October 30, 1951

Professor H. Panofsky
Mineral Industries Building
Pennsylvania State College
State College, Pennsylvania

Dear Hans,

There isn't much I can add to what you already know
and what Bolin told you at Woods Hole except that we are now
meking a direct attack on the three-dimensional problem via the
quasi-geostrophic equations. An analysis of the amount of real
information contained in upper air data has convinced us that
gix bite (eix binary digits) gives all the information contained
in an upper alr temperature or pressure recording. This means
that we can store

depending on whether z, p or is used as the vertical coordinate,
for about 1000 grid peints. We are now contemplating en integra-
tion for a lattice of dimension 12 x 12 horizontal x 8 verticel =
1152 pointe. The equation

will be solved for Dby a rather elaborate relaxation method.
There are a number of problems connected with the integration of
& technical-mathematical character. For the time being we are
going to have to be applied mathematicians whether we like it or
noet. We hope to run the problem before the end of the year, but
are keeping our fingers crosaed.

We are also conducting a number of side investigations
which need not be mentioned as they do not have a direct bearing
on the numerical forecast problem.

I hope this is what you want and I wish you success in
your lecture.

Best regards,
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Dr Jule Charney
Institute for Advanced Study
Princeton, N.d.
Dear Jule,
on November 12, I am supposed to deliver a Sigma Xi lecture

on "Weather Forecasting as ag Phyvsical Science". In this lecture,
I am mainlv enine to talk about what you have been doing and are
tryin= to don,

However, I am not familiar with what has been going on since
last summer, when Bolin was my office mate at Woods Hole.

I wonder, whether could send me any publications since the
Tellus articleg (if there are such), If no¥, could you tell me
rouzhly what you have been doing? Also, in what state of completion
is the Maniac?

It is really too bad that the Sigma Xi section here has been

concentratine on local speakers, for I am sure that vou would be able

ve a better talk on this subject. However, I must admbt that

to
T Aile to talk.

Please give mv best revards to Eleanor (or however else she spells
herself) and have a gnod time

1S
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8 March 1949

Professor Hans Panofsky
Department of Meteorology
New York University

New York 53, Hew York

Dear Hans,

Thanks for your offer to replot the 500 mb
maps. I am returning to you all the data you collected
for us so that you can have the data plotted for the
following dates.

January 12, 1946, 0300 2
Jarmary 12, 1946, 1500 2
January 13, 1946, 0300 Z.

I am sorry you had difficulty with my expense
account, and although I have filled out a travel report

and am returning it I am willing to drop the whole
matter if it will cause you further trouble.

Regards,

Jule Charney




NEW YORK UNIVERSITY
DEPARTMENT OF METEOROLOGY

COLLEGE OF ENGINEERING
UNIVERSITY HEIGHTS, NEW YORK 53, N. Y.

Dr. Jule
Institute

Dear Jul

es

Princeton, New Jersey
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can be paid out of petty casi tue execution of the enclosed
sorry
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what
that 1 did not send you the
want us to do
Regard

to your wife, Nicky and X.

form before but 1 did not realize that your expenses had been
DYy tf‘e

any more with the data?
HAP:WL
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NEW YORK UNIVERSITY
COLLEGE OF ENGINEERING
UNIVERSITY HEIGHTS, NEW YORK 53, N. Y.

DEPARTMENT OF METEOROLOGY U ERSPHONE L RARMANG £

TELEPHONE: LUDLOW 4-0700

18 January 1949

Dr. Jule Charney
Institute for Advanced Study
Princeton, New Jersey

Dear Jule:

mfegh’l"'&nks a lot for the maps. However, we still need
thermabs for February. Could you possibly bring these to
the meeting next week? Your maps should also be ready for

you then,

Best regards to everybody.

HAP:WL Hang Panofsky
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NEW YORK UNIVERSITY

COLLEGE OF ENGINEERING
UNIVERSITY HEIGHTS, NEW YORK 53, N. Y.

DEPARTMENT OF METEOROLOGY RGN R B ON5200

TELEPHONE: LUDLOW 4-0700

28 May 1948

Dr. Jules Charney

Department of Meteorology
niversity of California
West Los Angeles, Californie

Dear Charney:
Would it be possible for you to stop at Flagstaff on
your way back long enough to argue with me three hours or

more? Write to me at Lowell Observatory there.

Best regards,

Haw

Hans Panofsky
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N Prnofoke

~—REPORT ON OBJECTIVE ANALYSIS -

The purposes of synoptic weather map analysis are roughly these:

1) To summarize the large number of meteorclogicael data by relatively few
lines and shaded areas in such a way as to give the most relevant information to
the practicing meteorclogist or ai%:blane pilot.

2) To enable the'theoretical meteorologist to perform certain computations
on the data, such as differentiation, interpolation etc.

To summarize discrete characteristics of the weather, such as fog or pre-
cipitation, areas are generally shaded; continuous variables are summarized by
means of isoplethd, if the variables are scalar, or by streamlines if the variables
are vectoriel. # In addition, the boundaries of air masses are indicated by fronts.

Weather‘map analysis so far has been a subjective process. Isopleths,
streamlines, and fronts are drawn by eye, with considerable use of "judgment”.
Judgment is necessary to (a) eliminate wrong observations, (b) to weight observations,
(c) to smooth rendom errors of observations, (d) to eliminate local effects which
are irrelevant fg; the large scale picture, (e) to see that physical laws are not
violated, (f) to establish continuity in time and in the third spacial dimension
not indicated on the mep. In general, different experienced analysts will arrive
at similar isopleths or streamlines. Exceptions are found on surface maps in
mountainous areas, where the treatment of local factors becomes preponderant, and
on very high level charts or in oceénic areas where the dafa are insufficient to
yield a unique analysis.

When shading areas containing precipitation or fog,Aanalysts will éenerally
not differ in the total picture, which is uniquely defined by the observations;
they will differ, however, in mountainous areas; they will also differ in the

deteiled interpretation of the shaded area.




Analysis of fronts presents a different problem. There exist a large number

of eriteria for the placement of fronts. The different criteria agree only rarely.
Hence, the final placement will depend on which criteria an individual anélyst
places most weight. The difficulty is that the process of weighting &#f the different
factors is often not a rational one.

The term "objective analysis" will be interpreted to mean the pr&cess of
finding a mathematical equation describing the field of the given observations.
Once this equation is given, isopleths or streamlines can be constructed objectively.
Interpolation of the field presents no further problem, since this is equivalent to
computing valuesgthe function at peints between observations.

One advantaég of "objective analysis" is tﬁat derivatives can be obtained
at every point, once the equation which satisfactorily describes the observations
is known. Normally, in Meteorology, derivatives are approximated by ratios of
finite differences; derivatives determined in such .2 way are really average values
over finite distances. Values of derivatives at specific points are diffieunlt to
determine by conventional processes. Still, the eguations of hydrodynamics refer
to point values of derivatives, and substitution of average values may lead to
cdnsideEEEig,errnr, unless allowance for the averaging is made.

/\A£ present, of course, "objective" analysis will reqﬁire an excessive amount
of time; however, with a fast electronic computer, this disadvantage probably can
be eliminated entirely.

An objective analysis is possible, whenever the "judgment" or'interpretation"
involved in the standard, subjective techniques of analysis, can be translated
into rational, unambiguous rules. This rationalization of judgment seems sometimes
difficult, especially in case of frontal analysis, in mountainous regions or at

high elevations.




This first study of map analysis by an objective method was therefore 1limited
to cases where, in the subjective analysis, "judgment" is used largely to smooth
out random errors of observation and random effects of turbulence.

The wind field at several levéls above the surface was chosen for the first
test. Continuity in time and with height was ignored. The method used counld,
if required, be extended to smooth variation with time and height as well as in
the horizontal.

One reason for choosing the wind field for the first test was that functions
involving derivatives of the wind field, such as vorticity and divergence; are of
special importance in theoretical comput ation and practical work.

The wind at a given elevation is determined Ey two scalar guantities, such
as direction and speed, or two velocity components. In this case, two Gartﬂésian
components of the winds were formed, along the x and the y axis. The y axis was
95W meridian, the x axis at right angles to the y axis, passing through the point;
longitude 95W, latitude 30N, These axes were constructed. on a Lambert conformal
conic projection, which wasg assumed to be true for the limited areas used in this
study. The wind components in ihe coordinate system so defined will not simply
be southerly or westerly. Only near longitude 95W, can these components be
interéreted in this simple fashion.

It is assumed that the fields of u and v, the velocity components in the x
and y directions, are given by separate polynomials in x and y. Since the errors of
observation and the effect of turbulence can be assumed to add components to the wind

which are distributed approximately normally, the method which seems the simplest and

most promising for the computation of a polynomial which smoothes out these varistions

is the method of least sguares.
Since the random factors in the winds are relatively large, the number of winds

from which the polynomials are to be computed should be considerably larger than the

number of coefficients in the polynomials.




A situatibn was choseén where the wind coverage ih the Eastern third of the
United States was quite complete up to 10,000 feet. The number of winds reported
varied from 54 at 3000 to 36 at 9000', It was decided to fit this wind field
(Dec.2, 1946, 22 GMT) by independent third degree polynomials in x and y at the
levels 3000', 5000', 7000', and 9000', A third degree polynomial was selected
since it has 10 coefficients, a number considered about right cémpared to the
number of winds in the area.

; ¥*
Let the polynomial at level g be given by:

.3 s :
P'q (x,7) = ay jx YJ,‘i + J_é3 (1)

Then the ten normal equations needed in the solution for the coefficients aij can

be summarized symbolically in the form

% Bijk1 845 = hig (2)

gijil = Zs 2t Yj+l and hyq =§ P = Yl (3)

Here index s stands for summation over all stations at which winds were ob-
served. p represents the observations, x and y are the coordinates of the ob-
serving stations.

The necessary meteorclogical data were collected at New York University, and
the calculations indicated by equation (3) were carried out at the Bureau of
Standards Mathematical Tables Group headed by Dr. Arnold Lowany under the immediate
supervision of Mr..Jack Laderman.

The Princeton Research Leboratories of the Radio Corporation of America have
recently completed an electronic linear equation solver., This device was very
obligingly put at our disposal, and it was applied to the two first sets of 10 normal

equations with 10 unknowns (Equation 1), with the help of Mr. E.A. Goldberg of the
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RCA Laboratories. ©Since it is an asnalogy device with a relative precision of about
1 part in 1000 it could not be applied to the equations directly - the determinant

gijkl vanished to that degree of the accuracy. A linear transformetion of the coordi-

nates to a new system, the center of which was the centroid of the stations used, and
the axes of which were symmetrically localed with respect to the stations and the
units of length properly normalized, increased the corresponding determinant in the

new system of coordinates above the tolerance in question. In this form the equsations

were solved with the electronic linear equation solver, and an iteration method permitted

obtaining any desired degree of precision.

In practice, the transformation and subsequent solution by the elec$ronié com—
puter was used only iﬁT;;se of the 3000' data; it was found later that the sets of
téh equations with the ten unknowns could be solved very econémically’ﬁz the square
roct method with ordinary computing machines. The time required to solve 10 equations
of the form (2) was finally reduced to two and one-half hours including checks, a
time ghort compared tp that required in the rest of the computations.

Figure (1) shows the winds smoothed least squares and, for comparison, the
observed winds. Close inspection of the two parts of the figure shows that there
is no systematic deviation between the two types of analysis. Thus the least square
wind fielq may be regarded as a satisfactory representation of the broad field of
flow on this particuler date.

Since the wind field in the least square representation is given by a third
order polynomial in x end y, isopleths of the divergence and vorticity must be
conic sections. Figure (2) shows a comperison of the field of divergence at-3000!
as combuted from the objective wind analysis with the measurements of divergence
by two meteorologists from the observed winds, using subjective technicues. As

seen by comparison of the results of the two subjective measurements of divergence,




the accuracy of the subjective techniques is very low. The agreement with the
objective method is setisfactory. ;

Figure (3) compares the field of vorticity, evaluated by tﬁe objective method,
with that determined from the circulationsaround_finite areas. Again the agree-
ment is as éood as could be expected.

An entirely different check on the computation of divergence can be made‘by
uge of vertical velocities computed independently. If the egquation of cﬁntinuity
is integrated with respect to height under the assumption thet individual density

changes are adiabatic, we obtain:
10 |
LI
-
L / '(‘;ivlv dz . (4)
Pig :
where p is 1:'1:-ess1::re,?.1 is the rgtiO-of specific heatsufg,and the limits of inte-
- Cy
gration are given in thousands offfeet. The integral can be replaced by a sum of
values of divergence at 3000', 5000', 7000', and 9000', weighted by the proper

factors. | The vertical velocity wp at 2000' is presumably smell, so that Wi, the

vertical velocity at 10,000' can be compared with the vertical velocity determined -

by the "adiﬁbatic"l method;j The patterns are étrikingly similar,with the apparent
difference that the zero line of verticel velocity appears furth;r to the west on
‘the map of subjectively measured vertical velocities (Figure 4). This difference,
however, is not serious, since the data used in the objective analysis did not
reach as far West, and the computations in those regions could not be expected to
agree with observation. Another difference is that the observed field shows less

North South symmetry than the computed field.

ik y
The prineciples of the adiabatic method for determining vertical velocities are
outlined in appendix II.
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If divergences are meagured subjectively at 3000', 5000', 7000', and 9000', and
combined, values of vertical velocities at 10,000!' are obtained which agree somewhat
better with "adiabatic" vertical velocities than the values obtained objectively. For
example, there is no forced North South symmetry; the upward motion appears stronger
to the North than to the South.

On the other hand, the objective technicue permits calculation of vertical
velocities over the whole field of observing stations, whereas the area of subjective
computation is more limited. v

Figure (5) shows a correlation diegram of vertical velocities measured
directly as compared to vertical velocities obtained by summetions of objectively
determined values of divergence. The points on this diagram are well scattered
throughout the analyzed area. The cerrelation is good. However, the cbjective
vertical velocities are, on the average, about twice as large as the vertical
velocities measured directly. This is partly explained by the fact that the ob-
jectivé detenmination yields instantaneous vertical velocities, whereas vertical
velocities determined by the adiabatic method represent average vertical motion
over a twelve hour period. Tyt
omissilen
It might have been expected that the omissed of the 2000' vertical velocity

in the objective methed would lead to systematic errors in the 10,000! values.

Inspection of the surface charts shows that if the 2000' values could be included

the discrepancy between the two sets of vertical veloecities would have been incressed
to a slight extent.

As far as can be judged, then, the polynomial fitted to a windfield of limited
aree represents a satisfactory representation of the general flow.

The ngxt.question to be investigated is how adjacent areas in which separate

polynomials have been computed can be comnected.




In this case a vector field was chosgg(Pf "Resuitant Winds", A resultant

-g —
wind is defined by the equation: Ryg = / V,dz, where the lower limit of the

integral is the surface of the earth, th;-upper limit is 10,000'. One property
of this vector field is thet its divergence, multiplied by a correction factor,
ig‘ngarly equal to the vertical velocity at 10,000' elevation., This can be
checked by independent computation.

Accidental errors should have a congiderably smaller effect on wind resultants
than on winds at individual levels. Also eddies located in particular layers will
influence the resultants to a smaller extent. Therefore, the ratio of coefficients
in the polynomials to the number of '.measurements from which these coefficients are
to be determined would be greater.

The observations for December 8, 1945, 22 GMT were chosen, since resultant

—5 \
wind vectors Rjg could be obtained at unusually many observing stations Fast (ol

100°W longitude, and since vértical velocities were available for that period. The
npmber of resultants available in the Midwestern and Eastern part of_the United
States was 57.

The total area was divided into two sections, C and D, by a straight line.
The criteria for chosing this line were: (1) that the nuﬁﬁer of obgerving stations
in each area was epproximately the same and (2) that the distribution of observing
stations in each area did not show great variation of density; a preliminary study
had shown that, if few observations were available in one part of an area énd many
in the other, the observations in the section conteining few data influence the final
coefficient in the polynomial to such an extent that a small error in the observations
’Efll,in£luence the values of the coefficients in the polynomials significantly.

First, separate third order polynomials were fitted to the x énd v components

of the resultant vectors in both areas, and the divergences computed.l Figure 6




shows the distribution of vertical velocities: w ==L.15 div .1‘?. As was to be
expected, the field is discontinuous along the boundary AA! between the areas
C and D. Figure 7 shows the vertical velocities measured by the adisbatic method, for
the same period. .

The two third order equations in the regions C and D were combined into a
single fourth degree equation by the assumption that the coefficients in the

original cubics vary linearly at right angles to the line separating areas C and D.

If the x' direction is defined as a direction at right angles to this dividing line,

the coefficients ajj are then given by an equation of the form:

ajy =m i:]x' + njj
The m's and n's were computed under the assumption that the values of the a's
were equal to the velues determined for the individual cubics at the position of
the centers of gravity of areas C and D.

Figure 8 shows the distribution of "objective" vertical velocities obtained
from the divergence of the fourth degfee equation. Apparently the smoothing process
had & pronounced effect on the distribution of vertical velocities.

The egreement between the objectively computed vertical velocities with the
"adiabatic" values gf only fair. Both methods show some downward motion in the
Eastern part of the United States, but the adiabatic region of downward motion is
located much farther to the North.

Also in the Westg a discrepancy exists; the "adiabatic" fegions of downward
motion do not extend as far Bastward as the objectively computed ones.

Next, the possib'ﬂLi'by of dividing the total area into smaller sections and

using lower degree polynomials in each was investigated. Area C was divided into

to sub-areas, C; and Cp, and area D into Dy and Dy . Figure 9 shows a mep with

this subdivision. Again, the lines were chosen in such a way as to yleld as nearly

a uniform distribution in each sub-erea as possible, with nearly the same totel




number of stations in each. Tﬁe number of stationg reporting wind resultants in
each sub-area varied from 13 to 15. Qudﬁratic polynomials were fitted to the field
of resultants sepafately in each sub-area. Thqs, the reatio of number of cbserva-
tions tolnumber of coefficients was & little larger than 3:l.

Figure 9 shows the distribution of vertical velocities as computed from the
guadratic vector fields in each region. The fields of vertical velocity are, of
course, linear and discontinuous at the dividing lines. They give, however, a
correct impression of the distribution of vertical velocity, (compare Figure 7).

The quadratic polynomials in the four-subareas were combined by assuming a

linear variation of the coefficients ajj of the form:

845 =055 X+ P37+ 4 (5)
where x and y are the original Certesian coordinates. Apparently, four sets of
coefficients are available to determine the three constants 0, p, and g. They
were evaluated by least squares, assuming that the values of the a's at thé centers
of gravity of the sub-areas previously determined should be fitted by Equation 5

with minimum square residuals. This leads to a cubic resultant field for the whole

‘area, and a quaedratic field of vertical velocity. As is apparent froﬁkhe previous

figures, a quadratic field cannot be expected to fit the field of verticel velocity

in the whole area accurately. Figure 10 shows this quadrafic field of vertical velocity.

Previous experience with subjective methods of measuring divergences of winds or
resultant winds indicated that observational errors would have a large effect on the
measured value. With subjective technigues it is difficult to estimete this effect

guantitatively.




The observations in region D were subjected to random errors estimated te be
of the same magnitude as the errors of observation. The frequency of errors of given

sizes are summerized in the following table:

Error: ' R R R SRRE . IR IR R e - R S S T
Freguencys 1 L A - 20 2 w253 3 F-tgit-g Ve @ LR X

The unit of the errors is (100 m)2 fiin

. Each possibie error was written

on one or more cards (depending on the frecuency in the above teble) aﬁd the

cards were shuffled. A card was drawn at random and the error on the card was
added algebraically to the first observation. The card was put back into the deck,
the deck was shuffled again and a new card was drawn. Its error was added to the
second observation and so forth, for all observations. The table below shows the

vertical velocities computed from the altered observations at certain points compared

with the original computations:

STATION ORIGINAL VERTICAL VELOCITY WITH ADDED ERROR

Big Springs, Texas 0 em sec—l 3 cm sec-l
Kansas City, Mo. =24 n ‘ -2.1 n
St. Louis, Mo. <17 -1.0

Memphis, Temnn. 2 o8 "
Tallhassee, Fla. -.6 -1.6
Jacksonville, Fla. -5 =1l.4

This sample seems to indicate that the errors did not influence sign signifi—
cantly} but that the magnitudes are affected considerably.

In Figure 6 the dashed lines indicate the position of the zero lines as
evaluated from the altered observations. Apparently the posit%pn of the zero
lines is not very greatly affected, atthough the field of divergence, which was
previously elliptic is now hyperbolic. It may then be stated that errors of ob-
servations, if their megnitude was estimated correctly here, will only rarely

alter the sign, but will often alter the magnitude of the divergence considerably.




APPENDIX I

Let N observations, numbered n = 1,..N, be made; observation no. n being made
at the point with the coordinates x,, y,, and producing the result fp. It is de-

sired to find a cubic polynomial

P(x, 9 ) =2 A
ty=0/ 3
¢+ £ 73
which minimises the meaﬁ square deviation 5
9 :

| M ) iy A
2 L (P gu) )

In corder to do this form first

N
e : 1
’\/ - : :g)/h / g thf 9*\

and then introduce the new varisbles
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Form next
x < X'

o
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= 4
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and then (’ﬁ;trodnce the new variables
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Note, as a check, that necessarily
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Form, furthem:xée, : ,i
RV s T
Lt o2, &
Form the matrix
foo . 220 ' fop
Ay Ao Ao
%02 oy
Ao b3

(Note the somewhat unusual arrangement of the Ajj ) and the vector

(b byg) = (Byg Bog Boa Boy Bxy Bz Big Bip Bag Byy)
(Note the somewhat unusual arrangement of the Bij).

The coordinate system which was used in setting up this metrix was chosen in
such a manner as to make the positions of the observations stations as random as possible:
The mean as well as the dispersion of each coordinate is the seme as if each were

randomly distribut®d in the intervel -1, 1, and their correlation is 0. If they were

yﬁmly and independently distributed, then the matrix a would be
3o 3/3 D |
3/38/5.. 49

1/31/9 1/5 : :

1/3 1/9 1/5

1/ 1/15 1/15

1/5 1/15 1/7
1?3 1@ 1;5
1/9 1/15 1/15
W g Wy




This should be & reasonsble approximation to the true a for orientation purposes,
but one should not expect to find it adequate for the eguations which follow. The

72 empty fields are all occupied by O's.

APPENDIX II

Thé adiabatic method is based on the following derivation:
[ -

¢ ol 1 L7,-:>q"
w7

where T is the temperature and subscript 2 denotes a two dimensional vector.

dT _ _ dT _ 3T
4r . 4F %5
at " dz ot BT

Hence,

1-5%)
+ V2 ‘TéT . a////t i V V = Uj(fi

.:, o= 3't.

k at | %Ia ,T+\f 0T

All quantities on the right cen be measured, if the 1nd1v1dual air motlon is
assumed adisbatic and dT/ds = — 10°C km™r.

The adiebatic vertical velocities used in this report are based on the
"isobaric" technique. From observed geostrophic winds, 12 hour isobaric air
trajectories are constructed. The nﬁmerator in the expression for the vertical
velocities may be interpreted to mean the individual temperature change of a
particle following the horizontal motion. Since the difference between horizontal
and isobaric traiectories may he neglected, the difference between final and
initial temperatures along an isobaric trajectory yvields the numerator reguired. The

O
value oféj; in the denominator is obtained from isopleths of vertical temperature

differences on isobaric charts.
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Objective Analysis, Report 1947-48
Jogn von Neumann titute for Advanced Study
H. A. Panofsky, New York University.

Introduction

One of the aims of the Meteorological Computer
Project at Princeton is the application of the hydro-
dynamic equations to forecasting.

Initial conditions for this problem would be fur=
nished by the observations at a starting time, t_.
At time t, it would be required to know the meteor-
ological variables and some of their space derivitives
at certain grid points., This could be accomplished by
the normal modes of analysis, that is, the subjective

drawing of isopleths. The derivatives could be approxi-

mated by ratios of finite differences. A disadvantage

of this process is that it is subjective; another, that




the data must first be plotted.

These disadvantages could be avoided if the meteor-

ological variables could be related objectively to tho*
space co-ordinates by analytic functions., Then the
coded weather reports could be translated into initial
conditions without human interference.

The problem is then to find an analytie funetion
p(xy vy, 2) which represents the distribution of the
meteorologieal variable p in three dimensions. In all
computations so far, however, the vertical dimension
(or pressure) has been held constant; the "objective"
analysis completed is thus analogous to the subjective
analysis of eonstant level or‘conatnnt pressure charts,

Also, the analysis has been restricted to re-

latively small areas over which third order polynomials




f£it the data satisfactorily.
A third erder polynomial can be written in the form:

plxyy) = f’ ay; xiyd (143 £3)

where x and y are Carthesian co-ordinates. There are
altogether 10 coefficlents a;,. The size of the area
to which such a polynomial is to be fitted will depend

on how much the observations are to be smoothed, A field

of 10 obuopilttoas can be fitted accurately by a third

order polynomial, with no smoothing of data. Some smooth-
ing is however desirable in all cases, since all observa~-
tions are tnftﬁunan-by observational errors and more or
less local i‘ltnl. The polynomials cannot possibly be
expected to fit these eddies, but should rather represent

the large seale features of the field to be analyszed.




The amount of smoothing will depend on the nature |
of the variable analyzed; winds, tor.oxa-ple. should
be snﬁothﬂd more than pressures. If a pressure field
is to be analyzed, 12 - 14 observations should be used

to determine the 10 constants of the polynonia;; in

case of the EasteWest component of wind, no less than

20 observations are required,

The problem of dot;rnining n co#rficiontsrron m
observations (m>n) is usually handled by the iothod of
least squaress This wouid yiold the most probable
polynomial if it 1lrassunad that eddies and observational
orrori are dist;ibutod’nornally about the smoothed field.
Even if the distribution is not normal, the least square
solution represents a probable state on which errors and

eddies have been superimposed.




Generally, the conditicn of least squares for a
cubic polynomial in x and y leads to ten normal equations

with the ten values of ay; as unknowns. Considerable al-

gebra is involved in computing the coefficients in these

equations and in tﬁnir solution., ' The time needed to do

- these computations with standard computing machines is
long cenpartq to a forecast period; however, the con-
puting time necessary ror‘tho projected electronic com=-
puter is not expected to be extravagant. The oonlidifablo
computations necessary in the objective analysis to be
described here were nado‘by the Computation Laboratory of
the Bureau of Standars at New York City, headed by Arnold

Lowen, under the immediate supervision of Jack Laderman.




Analysis of a Wind Field
A situation was chosen where the wind coverage in
‘the Eastern third of the United States was nearly com-
~ plete up to 10,000, The number of wind reports varied
.rrol 54 to 3,000' to 36 't.9'°°°" C¢rto|1§n coordinates
x and y were defined as follows: The y axis was the 95th
Meridian, the x axis at rightlnnglo; to 1t and passing

through the point: 30°N, 95°W. The coordinates are de-

fined on a Lambert conformal ﬁrojoeticn.

The u component (in the x direction) and the v com-
ponent of wind (in th@ y éiroction) were fitted by in-
dependent euble polynomials, at 3,000', 5,000', 7,000
and 9,000',

Figure 1 shows the observed winds (above) an; the

wind computed from the cubic (below) at 3,000'. The




numbers indicate speed in miles per hour., Apparently
the computed winds show little, if any, systematie
difference from the observed winds. They are, of course,
a great deal less erratic. It may thus be stated that
the cubles fit the obairvntionl satisfactorily.

Figure 2 shows the divergence of the same field.
On the left, it 1s shown as computed from the cubies.

Lines of eonatgnt divergence are therefore coniec sections.

The maps in the center and to the right show the fields

of divor;cnn. determined by two analysts, A andIB, by
conventional methods, Apparantly, the two sets of sub-
Jective measurement agfo. with each other n§ better than
with the objective determination. 1In general features,

all three maps are similar.

Figure 3 compares fields of vertical velocities for




the same period. On the map on the lcft,'tho vertical
veloelties have been computed objectively by adding the
properly weighted values of divergence at 3,000', 5,000',
7,000' and 9,000', Again, lines of constant vertiecal velo-
ity are conic sections. Also thosg vertical velocities
are instantaneous, The vertical velocities on the right
were computed completely independently by the adiabatic

~methed. This method yields 12 hour average vertical velo=-

cities. The agreement is as good as can be expected,




Combination of Separate Areas

The objective analysis as described so far leads
to independent polynomial expressions in separate areas
of limited size. At the boundaries, the analyzed field
is discontinuous. This discontinuity has no physical
reality since it doponded-on the arbitrary choice of the
area. rhcrtfor§ a method must be divised which smoothes
out these discontinuities.

It is now postulated that the coefficients of the

individual polynomials only apply at the center of gravity

of the areas, or pdrhaps only'nt a centroid line., Between

those points, the coefficients af@ assumed to vary by a

simple lawe If only 2 nroas'afg analyzed, the ooofrieitnts
-. can bo-takba constant aleng certain directions and made

to v;ry_l;noaxly in another; 1if more areas are to be




connccﬁod, the coefficients of the individual polynomials
are again polynomials in x and y, the order depending on
#hu‘nnnhgﬁwar areas.

Instead of thus plecing together of separate areas °
it may appear thgt spherical harnonicl lead to better re=-
sults when objective analysis is to be applied to a hemi-
sphere or the whole earth.

The process of piecing together was studied on a field
of resultant vectors. Horizontal components of resultant

vectors are defined by;
h

n
Rx-:/udznndl!,tjvdz
[+]

[}

These can be obtained directly from pilot bal;oon runs and

havo the propirty that their divergence is proportional to

vertical velocities, which can be determined independently.




Accldental errors should have a considerably smaller

effect on wind resultants than on winds at individual

levels., Also eddies located in particulné layerswill in-

fluence the resultants to a smaller extent., Therefore,
the ratio of coefficients in th.‘polynonials to the number
of measurements from which these ebarricients are to be de-
termined would be greater. .

The observations for December 8, 1945, 22 GCT were

chosen, since resultant wind vectors R.. could be obtained

10
at unusually many observing stations East of 100°W longitude,
and since vertical velocities wﬁro available for that period.
The number of resultants available in the Midwestern and
Eastern part of the United States was 57.

The total area was divided into two sections, C and D,

by a straight line, The criteria for choosing this line




were: 1) that the number of observing stations in each
area was approximately the same and 2) that the distribu-
tion of observing stations in each area did not show
zroat‘varlutton.or density; a preliminary study had
shown that observations in the section containing few data
influence the final coefficient in the polynomial to such
an ;xtont that a!snall error in the observations will in-
fluence the values of the coefficients in the polynomials
significantly,

First, aspaiato third ordér polynomials were fitted
to the x and y components of the resultant vectors in
both areas, and the divergences computed. Figure 4

shows the distribution of vertieal velocities: W = 1,15

div R. As IBI:GQ be expected, the field is discontinuous

along the boundary AA' between the areas C and D,




The two third order equations in the regions C and
D were combined into a single fourth degree equation b}
the assumption that the coefficients in the original
cubies vary linearly at right angles to the line separa-
ting areas € and D, If the x' direction is defined as a
direction lf right angles to tpis dividing line, the co-
efficients .‘: are then given by an equation of the form:

gy H ey

The m's cni nfn were computed under the assumption that

‘the values of the a's were equal to the values determined

for the individual cubies at the position of tihs csnters
of gravity of areas C and D.
Figure 5 shows the distribution of "objective"

vertical velocities obtained from the divergence of the

fourth degree equation. Apparently the smoothing process




had a pronounced effect on the distribution of vertiecal

volocitioa;

Previous experience with subjective methods of measur-
ing divergences of winds or resultant winds indicated that
observational errors would have a large effect on the measured
value., With objective techniques this effect can be es=-
timated quantitatively.

The observations in region D were subjected to random
errors estimated to be of the same magnitude as the errors
of observation., The frequenecy of errors of given sizes are
summarized in the following table:
Errors “8 «7 @6 «5 <4 =3 -2 -1 -0 1 2 3 4 5 6 7 8

Frequeney: 1 1 1 2 2 2 3 3 3 3 3 2 2 21 1 1

The unit of the errors is (100 i)z min~1, Bach possible




pessible error was written on one or more cards (de-
pending on the frequency in the above table) and the
cards were shuffled, A card was drawn at random and
the error on tﬁn card was added algebraically to the

first observation. The card was put back into the deck,

the deck was shuffled again and a new card was drawn.

Its error was added to the second observation and so forth,
for all observations, The table below shows the vertical
velocities computed from the altered observations at

certain points compared with the original computations:

SIATION QRIGINAL VERTICAL VELOCITY WITH ADDED ERROR

'Big Springs, Texas 0 em sec~l .3 cm scc"l
Kansas City, Missouri -2.4 - -2.1

St. Louis, Nissousi -1.7 .0 '®
k‘m. s dennessee 0 «8 -
Tallahassee, Florida o6 =1.6 "
Jack:envlllo, Florida -5 ~l.4 -

This sample seems to indicate that the ofrorl did

not influence sign significantly, but that thﬁ magnitudes




are affected considerably,

In Figure 4 the dashed lines indicate the position
of the zero lines as evaluated from the altered observa-
tions, Apparently the position of the zero lines is no%
very greatly affected, although the field of divergence,
which was previously elliptic j.n now hyperbolic,

Analysis of a Contour Field.
Contour lines are rarely analyzed on the basis of

reported elevations alone. Winds, usually aid the analyst.

The majority of forecasters consider wind diéocgion only

- Al
and attempt to make the wind as nearly parallel to the

wind as pessible. Usually the speed is used to indicate
the reliability of the direction. A minority of meteor-
ologists make use of the wind speed to adjust the spaecing

of contour lines, using the geostrophic wind scale.




Both of these procedures can be incorporated into
objective analysis, The quantity Gi grad h (V horizontal
wind, h elevation) is zero if wind and contour lines are
parallel, Henece the condition: = (;t grad h)2 = min
describes mathematically the subjective procedure of ad-
Justing contour lines to fit the winds., Since the analysis
has to fit winds and elevations simultaneously, the polynomial

for h should be subjected to the condition:

2 ==
8 (heh))® + 2 (V,.grad h)2 = min

8 denotes summation over radiosonde station, s' over pilot
balloon station, Subscript o denotes observed, a 1s a
constant which depends on the relative weight of winds and
elevations, !h;a constant has dimensions and ;opondl there~
fore on the units used for elevation and wind.

If wind speed is to be used to space the contour




lines in addition to wind direction and elevations, this
condition may be used:

“."‘H.’a + }':'('a-n-n”)2 + iz(w--v”)2 = min
Subseript gs stands for geostrophic., b is a constant
different from a.

Figure 6 shows the data and suhjoctiv.'nnnlytis.

There are 8 elevations and 14 winds, judged about suf-

ficlent %o determine the 10 constants of tiu elevation
polynomials

Figures 7 and 8 show the objective analysis by the
two techniques,

Both objeetive techniques give results very much
alikej they differ less from each other than from the
subjective analysis. Both objective techniques differ

from the subjective analysis by a more even spacing and




simpler patterns It may be argued that the objective

analyses are actually preferable in this case since the

aim was to eliminate detalls luporilﬁesod on the broad
field, The deviations of the observations from the analygzed
field are small enough to be accounted for by errors

and eddies,

A change of the weight b by a factor 3 did not change
the analysis significantly.

Horigontal Gradients of the field of h and its
Laplacian were also conputod; The agreement in the
gradients was tolerable; that in the Laplacian not good.
This indicates that meteorological data at present are in-
sufficient to yield reliable values of second derivatives.

This conelusion was substantiated by an ovqluation

of the effect of observational errors on the derivatives




of the elevation field.
The effeet of the observational errors is illu-

strated belows

t : &0
obs, with obs. with obs. with

error - error error

Brunswick, Ga. 0 - .9 =261 -24,8 +25.5 +18.8
New Orleans = 8.6 - 6.8 -12,4 -14,8 -23.5 - 4.9
Nashville =l444 =12,1 «24,6 -29,1 +13.0 =11.7
Atlanta =86 - 7.3 -25.2 -25.3 +19.3 + 3.6
Salisbury, NeCe = 2,5 = 2.6 =25.6 =29.7 +40.6 + 7.8

These values are based on the rollowing distribu-

tion of errerss
For u and v (m sec~l)

‘merv =20 <15 <10 -5 0 § 10 15 20
welight 1 1 2 BN S | 2 ) 1l




For ¢ (in megergs gm=1)
@ -2 *1.5 -1.0 ‘0.5 0 0.5 1.0 1.5 2.0
weight 1 1 2 3 3 3 2 i 1

The assumed errors in the wind components are possibly

too large, hence the changes produced on the polynomials

too greats Even so, it appears that computation of the
Laplacian of pressure (or height) is not reliable, and

should be avoided,

The fundamental equations of Meteorology can be
transformed inte a complete system of equations in which
partial derivatives with msﬁot to time can be expressed
in terms of the meteorological variable and their gradients.
This system of equations can be integrated numerically,
provided that the quantities on the right side of the

equation are known with sufficient accuracy.
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Two of the equations of this complete system are the
two horizontal components of the vector equation of motion,

. solved for the time derivatives:

*.-‘..g-.g+r(v-v“)+rx .(1)

ﬁ--_?i-vgw'g-f(u-u") & T @
The notation is standard, u, v and w are the three wind
components in the directions -x, y and z, £ is the Coriolis
parameter, "tlll. The subseript gs stands for geostrophic. .
F is the mt of the force of friction in the direc-
tion specified by the subscript,

Thi terms u - Uyg and v - Ves which appear prominently
on the right side of equations 1 and 2 are the components
of "nongeostrophic wind vector". The purpose of this.ree— -
port is the diseussion of the measurement of this Vestor

S




and.its compangnts,

Many attempts have been made in the past to measure
the deviations from geostrophic wind, The easiest method
consists in drawing smooth isobars, computing the geo-
strophiec 'lﬁl from the distance of the isobars and sub-
tract it from the raperth wind observation. This method

leads to erroneous results for two important reasons:

1) The isobars are usually not drawn independently of the

2) The geostrophic wind is an average over the space be-
tween the isobars, Moreover, the isobars are smoothed
and drawn from relatively distant observations. The
winds, on the other hand, are local and not smoothed

These difficulties can be overcome by

1) ;gﬂo analysis of wind and pressure (or contour)
a

2) Consistent smoothing of the two fields.




Two situatlions were treated in this manner:

A) The wind and contour field at 700mb, Mar, 25, 1947
; 1500Z and s ganni '

B) {286;134 and pressure field at 10,000', Dec. 2, 1944,

The observations are given in figures 9 and 10, 1In
situation A, even the nnbjietlvc analysis indicates a
blowing of the winds across the contour lines, toward
lower elevationsy also, in the Eastern part of the area,
the winds are far below geostrophiec.

In situation B, deviations from geostrophic winds
appear-to—be—iess reguleary—

If pressure (or elevation) are represented by a

cuble in x and y, other geostrophic wind components are
quadrities, Hence it was decided to fit quadraties to

- the observed wind component also.




The areas were chosen in such a way that they con-
tained 12 ohservations of pressure (or elevation), 1In
both cases, about 25 wind reports were available in the
same areas,

On both figures 9 and 10, rectangles were drawn
to indicate the ar.a analyged in detall, They were chosen

&
so as to bo(lu;\Tﬁfiiy surrounded by both pressure (or
elevation) and wind observations,

Figures 11 and 12 show the deviation vectors from
geostrophie wind in the areas outlined in figures 9
and 10, computed from the polynomials of Py or hy u and v,

Isobars (or contour lines) are also given,

In situation A, the geostrophic deviations point

toward lower elevations, and are directed against the main

flow in the Eastern part, as expected, In situation B the




geostrophie deviations form an antieyclonic wheel,
centered slightly East of the wedge line.

The data used in this study were modified by random
"errors", of a magnitude consistent with observational
errors, The following table gives the errors and their
weights:

for u and v (in m sec~l)

«12 <8 <4 2 0 2 4 B8 12
te TR i NI R S B S |

for p(in mb) and geopotential (megergs gm~1)

' or P 4.. .1.2 -.3 -4 0 .‘ .8 1.2 1.8
weight 1 1 2 3 3 3 2 1 1

Figures 13 and 14 show the geostrophic deviations
with errors applied. Apparently, the effect of the errors

on the final result is much greater in situation B than




in A. Indeedy 1t becomes likely that the geostrophic
deviations of situation B (fig. 12) are extremely un- |
certain,

It is desirable to test the reliability of the
computed nongeostrophic wind vectors shown in rigﬁro: 11
and 12 by MQMS measurements,

Let ?; represent the nongeostrophic wind vector.
Then the horizontal component of the equation of metion

may be writtens

?;u’(;-sg)x—k) | - (3)

where F 1s the horizontal component of the force of friction
and k 1is a unit vertical vector,

In order to estimate the nongeostrophic winﬁ vector
to be expected it is first assumed that ¥ is small come

| >
pared to dV/dt at 700 mb. The term dV/dt indicates the




change of the horizontal motion following a parcel in

three dimensions, It can be computed most easily from

isentropiec charts if individual temperature changes ecan

be assumed adiabatic.

In the case of situation A, isentropic charts were
not available, and change of speed along an isobarie
trajectory was substituted for that along an isentropic
trajectorys The geostrophic deviations expected from
these acan!.l;llenl are indicated 1# figure 15. The
agreement between this and the observed geostrophiec
deviations (figure 11) is tolerablej both the direction
toward lower elevation, and the direction against the
flow in the Bastern part of the area agree. Better
agreement 1s not likely to be expected because a) observed

geostrophic deviations were almost instantaneous, accele-




rations were 12 hour average changes of velocity up to the
period analyzed (later winds were not available). b) friction
and vertical motion were neglected. However an attempt

to improve the agreement by ineluding the effect of these

two factors falled, perhaps due to the inadequency of our

knowledge of these q\unut:ln}é the case of situation B

isentropie trajectories could be constructed and 12 hour
accelerations eould be computed centered at the period of
analysis, The nongeostrophic winds based on these measure-
ments, are entered as broken arrows in figure 12, The
agreement with the observed nongeostrophic winds is poor.
The doubtful reality of the geostrophic deviation field
in situation B (figure 12) can be demonstrated in another
way. Apparently these vectors have a vorticity of igke—

magnitude curl Vp~ - 105 sec-1, Now, taking the diver-




gence of ‘3)!

d&v‘i-x\mivn FadE (4)

The left side of (4), the divergence of ncooloration,lis
related to the acceleration of divergence. Assuming these
two quaatiillﬂ the same, this would mean a decrease of
‘divergence along the trajectory of about 107 sec~l in

3 hourl§ A decrease of divergence, however, was not ob-

served, in fact, along most of the trajectories though

the area analyzed, the divbggonoo increased.

From all these results we may conclude that the
"observed" field of geostrophic deviations gives a fairly
correct pieture in situation A, but not in B. Even in A,
the exact maznitude ig not everywhere reliable, especially
- in the northeastern section where nongeostrophic speeds

of the order of 30 m sec~l appear.




_ror the »urpose of "analysis" of the mum and
wind field, mnla have been fitted to the observations,
This process MJ objective, eliminates the necessity of
plotting the data, but takes a large amount of time.
This is of nhtzﬁly small importance if the technique
is ltﬁ be applied to forecasting with the aid of an electronic

conm-oh

It is shown that measurements and computations made

from n):ut&wly analyzed wind and pressure fields can
be made equally well from these polynomials. Isobars and
stream lines evaluated from the polynomials agree well with

those obtained ltbjocfivqu.

The following conclusions can be reached concerning

data at 10,0007

‘a) Pressure gradients can be measured with fair accuracy.




b) The Laplaeian of the pressure field is very poorly

determined by the observations

¢) Deviations from geostrophic winds can be obtained from

observations oececasionally, but not with sufficient accuracy

for use in the numerical computation process.




A Study of the General Circulation in March
Project Report 1947 - 48

Introduction

‘The term "General Circulation" is used to deseribe many
kinds of mean motions in the atmosphere. A% one extreme, it
is applied to the general flow aleft on an individual map, at the

other it refers to the mean motion over a period of many years,

averaged also over all longitudes.

The definition of "general circulation” used here it close
to the second extreme, denoting a long period mean as well as
' a mean over longitude. Thus, essentially, the study refers to
mean motion as function of latitude and height only,

This meaning of "General Circulation" is thus similar to
that given by Rossby in his "Scientific Basis of Meteorolczy™;
however, due to the wealth of data required in the type of
analysis to be described here, this study will be limited to the
"General Circulation" in a single month, Mareh was chosen since
the circulation in that month is similar to the annual circulation,

Rossby's largely gualitative theory pestulated the existence
of three cellsj the present study was intended to utiligze
exlsting observation to arrive at a guantitative deseription
of the circulation averaged over longitude and time.

It i1s clear at the outset that the averaging process will

reduce magnitudes of the meridional and vertiecal components of




the motion. However, these very small average motions still have
a pronounced effect on the meridional heat and moisture transfer.
.It is proposed to compare the magnitudes of the heat and moisture
transfer by these slow average motions with that produced by the
large scale eddies superimposed on this mean motion, It is

clear that if the "General Circulation" represents an average over
both lengitude and tlme, all pressure systems, both travelling
and semistationary, must be regarded as eddies,

Ideally, the "General Circulation" and the mean pressure
distribution should be inferred from the emergy balance, the
equation of continuity and the equations of motion. In that case
the pressure, the only meteorological element which has been obe
served thoroughly over most of the earth and %o high elevations
would not be used directly., Here, the pressure will be assumed
known, and it will be attempted to determine a fiecld of motion
consistent with the pressure field., It will be secen that even
with the knowledge of pressure, the field of motion is subject
to considerable uncertainty, due to our lack of knowledge of the

effect of momentum exchange by eddies of all sizes in the free

atmosphere,

Method of Integration

With the pressure given and the density inferred from the
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hydrostatic equation, the problem reduces to determine the
three components of mean motion from the first two equations
of motion and the equation of continuity. The independent
variables are ¢, latitude, and r, the distance from the earth's
center, lThd dependent variables U, V and W are the mean zonal,
meridional and vertical wind components, As used in this report,
a mean expressed by a capital letter, is defined by

(2w
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where & is time, ) longitude. The symbol "intezral over time"
extends over the month studied., The number of ybdrs considered

here is of the order of forty. 1In practice, the integrals have to
be approximated by sums. Alse in this manner, P denotes the

mean pressure, Q the mean density, The first two equations of
motion and the equation of contiﬁuity can now be writtens




AR I - | (3)
4(w) = - Lfa(an) - QV tan o] (4)

where f is the Coriolis parameter and F) is the zonal frictional
forece, to be discussed later at some length, Equation (3) ean.
be used to compute U as a function of ¢ and rj then given W at
a low level, V is conﬁﬁtod,rron (2), hence W at a higher level -
from (4), then V at that level from (2) etes

The approximations involved in these equations have been
discussed in detall eariicr. Equation (3), whieh expresses
- geostrophic balance along the meridians, is aprlicable above the
"Frietion layer" onlyj it also becomes of guestionable value in
the tropics where both preésure gradient and Coriolis force
become small and friction, even in the free atmosphere, is
presumably of a similar order of nagnuuai. Thus the inte-
gration will be carried out above the frietion layer and Nerth
of 20° latitude.

Three problems have to be discussed, before the actual
integration is started;

1) the northern and southern boundary condition
2) evaluation of W at H, the top of the frietion layor)
3) estimate of F,




Ihe Extreme Latitudes
Due to lack of data the caleulations are terminated at
20° and 65°N. The quantitys at 20° and 65°N is evaluated
with the aild of the assumption that there is hs flow across
the pole and the equator. This me=ns that pV is assumed to vary
linearly, from 0° to 25° and 60° to 90° latitude.
Ihe Lower Boundary
The determination of vertical veloelty at the top of the
friction layer is treated as a problems From the equation of
continuity it might be expected that the vertiecal veloeity would
be correlated with surface divergence., Therefore, divergence
charts were constructed from resultant winds over long pericds,
_Blnce the divergence is a linear function of the wind, the
~ divergence f the mean wind is the mean diverzence of the wind
which can be measured from mean naps*i Iniiigliy, sufficient
‘resultant mean wind data were available only over the oceans,
the continental United States and sections of Tndla. Measure-
ments of divergence in these regions indicated that areas of
maximum divergence exist 5° South and 10° East of High Pressure
centers, UDlvergence was plotted against pressure, taken off
35 North and 10° West ef the point where the divergence had
been measured. This graph is shown as figure 1, The scatter is

e

 *1In the appendix a theoretical study of mean divergence, carried
. out‘in connection with this project, is summarized,




very large, part of which is due to random errors in measurement

of divergence, another part due to the questionable nature of

a relationship between divergence and pressures A straight

line is drawn on Figure 1. It was drawn by eye so as to give

the best relation between divergence and pressure, One cone-

dition for this line was that the divergence at 1915.0, the

mean pressure of the Northern Hemisphere in March, should be

zero, . _ ‘ |
The straight line in Figure 1 permits an estimate of

surface divergence, averaged over all longitudes, from the mean

' prissu:es. The result of this estimate is given below:

latitude 20° 250 30° 35°40°45° 50° 55°60° 65° 70° 75

divergence in 106 sec~l +1 1,5 1.5 142 o7 02 =¢2 =e4 0 +.3 +.5 +.6
The relag}én between vertical veloeity at 5000' (which was

taken as the top of the frietion laycr)%:umface divergence could be

studied only from United stites data where vertical velocities

were available., Figure 2 shows tho»rolatioh of vertical velocity
awd  -with surface divergence.

The figure shows that a good estimate of vertical veloecity
could be obtained froms W = 1.25 x 107 div V. If this relation
1s used, the following table results: ‘
® 20 25 30 35 40 45 50 55 60 65 70 75
W o08 «¢12 =,12 =,10 =,06 =,01 +,01 4,03 0 =,03 «,04 =05




Frictions

For convenience, the friction term F can be divided into
two parts:

1) the effect of eddies so small that the eddies are
smoothed in ordihnry'waathor map analysis, This will be called:
Austausch ériction.

2) the effect of the large sealo‘oddios whieh appear on
weather maps as cyclones or anticyclones, but act as eddies on
the average circulation, This will be ecalled: Gross Austausch
Friction,

Austausch Friction

Austausch rrictioﬁ is qsually separated into horizontal

and vertical components:

A Bl gy o

_Ihorgz% nnqﬂﬁé are the vertical and horizontal coefficients of
oddy viscosity, the horizont#l coefficlent being assumed the same
in all directions. Little is known about the variation or even
the magnitude of either coerficient; above the friection layer.

If both coefficients are similar in magnitude, horizontal momentum
transport by eddles can be neglectedj however, this assumption




does not agree with studies of isentropic diffusion,

Gross Austausch Friction
The force of friction due to large seale exchange of

momentum (Gross Austausch) may be writtens

P = AR+ o - BT ten o) (6

here a' denotes deviation from the mean, p the individual density.
The vpriution of density is neglected compared to the variation
- of the wind eonponents.-

The quantities -pu'v' and -pu'w' will be ealled "stresses"
and donotod’t;y andft;‘, respectively.

Only’in,can be evaluated with any generality, ’C;! can be
estimated if the velocity is a linear funetion of meridional
velocity everywhere, as it seems to be in the United States. In

that case, we can put

45!555;. Tz = i< Aﬁx?y
where K may be a function of height.
Observations of vertical velocities in the United States
lead to these values of K: ‘
Height 0 3km 6km - 10km 13km 16km
K 0 1.8x1073 2,5x10~3 2,0x10*3 1.2x10-3 ,8x10-3




Thus the problem is reduced to evaluation ef’Qi’ = «pu'v’,

The "Gross Austausch" stress can be broken up inte twe
parts, the "Longitude Average" (LA) stress and the "Time |
Average" (TA) stress. The former is computed by combining
the deviations of time mean wind components from the timee
longitude meanj in order to find the TA stresses, deviations
from time means at individual locations have to be combined
and averaged over all longitudes. Thus the LA stresses can be
obtained from mean maps, whereas the TA stresses have to be
found from numerous individual charts. Essentially TA stresses
measure the momentum transfer by travelling pressure systems,
LA stresses by semistationary systems,

So far, LA stresses, based on geostrophic winds, have been
computed from U.S8, Weather Bureau normal charts at 0, 3, 6, 10,
13 and 16 km, The results are shown graphically in figure 3.
Apparently, the order of magnitude of these stresses is 10 dyne

em™2, a 1little larger than normal surface stresses.

The Time Average Stresses

Time average stresses would be relatively easy to compute

if the patterns were consistent year after year, To test this,
stresses were first computed at 10,000' in the U.S. for March 1939,




1945.and 1947, In each case, u'v' was computed from i;;;;: -

i;;;;’ (subseript gs means geoatrophie); the averages were
computed from observations 24 hours apart, As figures 4, 5, 6
show, there are considerable differences in the stress patterns
of these 3 years, perhaps becausa a single month is not a suf-
ficiently long period®. Perhaps similar stress patterns are not
to be expected year after year, because many properties of the
rlow'ehange'eonplotoly from a given month of a year to the same
month of another year. Incidentally, stresses were computed for
04 GMT and 16 GMT independently, The differences between the stress
fields at the two times are small and not sufficiently consistent
to lead to any definite concept of diurnal variation of stresses.
Even if the stress patterns in given rezions repeat theme
selves year after year the average over all longitudes would be
'uncortain, since sufficlent data for computation of these stresses
are not avallable in large parts of the Northern hemisphere
especlally above 3 kl;
Only if the sfress patterns are related to the patterns of
a varlable easily evaluated, is there any hope ;i=2:;;;;3
over all longitudes. Comparison of the stress patterns in the

the mean

United States with the pressure patterns showed a possible re=-
lation of sign between the stresses and the East-West pressure

%hccording to V Starr's theory Journ., Meteor, 5y 39{ 1948, T
o

should generally be negative, This does not seem be %ern out,.




gradient.' Hence the North-South geostrophic wind, Vé', averaged
over all longitudes within the United States, was plotted against

-pu'v', averaged over the same longitudes, The result is shown

in figure 7. In all cases, negative stresses occur with Southerly

mean flow and vice versa. If a linear relatlon between stress

and geostrophic meridional flow could be assumed, the total TA

- stress averaged over all longitudes would vanish,
Stresses -pu'v' were also computed at 10,000' over the ocean

for 1945, 1In this case, there was ‘correlation between stress and

meridional flow just opposite to that observed over land. Hence,
the question of relation of TA stress to other variables needs
-eonsidorahly more study,

Clrculation Model Ia

In spite of all uncertainties it was deecided to compute a
General Circulation nod§1 based on equations 2 « 4,

Model Ia started from the vertical veloeities at 1.5 km
glven above, proceeding from these in vertiecal steps of'1.5 km,
All horizontal gradients were computed over 5° intervals. At
65° and 20°, however, had to be computed from finite
differences over 25° o§§§§f degrees, since the boundary con=-
ditions give pV at 0° and 90°, respectively.

The friction term was simplified greatly, Of the Austausch




terms, onlzzleﬂgﬂ was conputod;/[éint assumed 50 gm em™! see~l
P 0z°
up to 10 km and zero above that level,

Of the Gross Austausch components of friction, only the first
term of (6), 1_ Q%gixl, was used, and of this only the LA component,
pr

which shows only the contribution due to the semi-stationary
 pressure centers, Admittedly, some of the other terms contributing
to friction may be equally large. Additional terms will be ine
troduced in later iodels,.as their computation progresses,
Streamlines of model Ia are shown in figure 8 in a vertical
eross section, Apparently the sign of the vertiecal velocity
_thfoughout the model is determined essentially by the sign of
the vertical velocity at 1.5 km. In other words, the change of
QW with height is small compared with QW itself, This shows the
importance of haviné correct vertical veloeities at 1.5 km. It
also shows that at a given latitude, the vertical velocoty is not
likely'tb change sign up to a véry high level,
The absolute magnitude of the vertical velocities is of
order 1 em sec™l, that of the meridional velocities, 3 em sec~l,
. The latter is large enough to carry northward a considerable
fraction of the computed radiation excess at the equator and

- eonvey it to the pole,

A more detailed study of the heat transfer is planned for
19481949, '




According to figure 8, momentum is carried downward over
most of the latitudes between 20° and 65°N, However, from the
equation of continuity we know that, if ne air is to flow across

the equator,
/2
QW cos ¢ dop = 0
o
This makes extremely plausible the assumption, that in low
-latitudes momentum must be carried upward, It is unlikely that
sufficient upward flow would occur North of 65°, partially be=-
cause the cosine factor becomes small there, Alse, synoptic
experience in the equatorial regions makes upward flow there
likely.
Thus, figure (1) shows two large clockwise cells, and two
smaller counterclockwise "eddies" between themes It would be
misleading to call the two large cells "direet", since they
reach into the stratosphere, where the horizontal temperature
gradient is opposed to that of the troposphere,
It was pointed out previously that the surface divergence
is of the order 106 sec=l, However, in model Ia, it drops a
magnitude already at 1.5 km, and stays at about 10*7 sec=l
above that, On daily maps, on the other hand, the divergence




is of the same order of magnitude at all levels, In order to
arrive at a vertical velocity at 1.5 kmy, we assumed a relation
between surface divergence and vertical veloeity at this level.
This relation was based on measurements on daily maps. However,
since the divergence maps seems to decrease with height more
rapidly on mean maps than on daily maps, the vertical velocity
conputéd from daily maps may be systematieally too large. For
this reason, model Ib was constructed, The integration was re-
peated, artér the vertical velocities at 1.5 km had been reduced
by a factor 4, The result is given in figure 9, The change of
the lower boundary condition apparently did mot affeet the
genorli cireulntion.pattern very much, Espeeilally at high

latitudes where the vertical velocities were small to begin with,

the changes are smally at low latitudes, however, the streamlines
are generally more horizontal than they had been before,

A rather distressing property may be notq‘ in both modelsy
according to considerable evidence, in middle 1atituﬂé, northerly
flow is generally accompanied by downward motion and vice versa.
The correlation is good enough so that a similar effect might have
been expected in the neﬁn, in the nidtropa-]hqlb. The figures
" do not bear out any such relationship




The equations of mean motion were integrated numerically
for March, with the pressure assumed known, Only the effect of
vertical Austausch and the horizontal component of the Grosse
austausch due to semiestationary pressure systems were included.
The result shows two large "direct" cells 13‘31071051 and north
temperature regions and two small "indirect" eddies between them.
-fho term "diréct“ being defined in accordance with the solohoids

normally observed in the troposphere. The eells in question
here, however, extend far into the stratosphere,




The values of mean divergence computed from wind resultant maps
were analyzed theoretically, -
If the vertical component of the curl of the mean equations
of motion is computed, the following equation results:
.—)
div, V5 = 1 curl F} + 1 curl Fi' - g cotan ¢ -} curl 4V,
" £ i
where subseript 2 means two dimensional._!% is the friction force

due to Austausch, F;' that due to Gross austausch,

The term curl Pé has been discussed by Rossby and Montgomery
and has been applied by the latter to the determination of con=-
vergence of ocean currents, It can be evnlunttq)nlthough not
altogether accurately ) from mean maps,

The last two terms of the equation above also can be es-

timated froi mean maps, but appear to be a magnitude smaller than

-
either div272 or % curl ré. The second term on the right, %

curl Fé' can be evaluated only if a suffiecient number of individual
maps were analyzed. However, a sufficient number of North Atlantic

charts were not available,

Charts of % curl r; were compared with charts of divavz.

The agreement was quite poor in some reglons, for example of




lblsfoundland. Such disagreements can be due either to errors
of observation or to } curl ré' which was not computed. As a.
matter of fact, the charts or‘% eurl r; agreed more with the mean

patfern of divergence expected by synoptie Meteorologists than
did the pattern or‘d:lvzv2 itself. It 1s thus guite possible that
the principal reason for the discrepaney is the large experi-
mental error of 611272. '
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