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ABSTRACT

This report gives a method of finding the exact solution of the problem
on pitching of cylindrical ship forms. The solution is given for a wide range
of contours by means of which all the }iydrodynamic characteristics may be
calculated.

1. The hydrodynamic statement of problems on pitching of cylindrical ships reduces to the

problem of finding the harmonic function

Oy, 2, &) = p(y, 2) e/  (j=y=1) [1.1]

satisfying the boundary conditions

I o?
— = h 3 0 > = = [1-2]
y v$ =0 whenz=0, |y|>a (v p )
—g-‘?= v, (I) on the contour L [1.3]
n

and the asymptotic conditions

¢=(j£ro+3+)evz-jvy when y- + oo,
o
[1.4]

. g -7 ;
¢ =j=r,eV*TIVY 4 BeV*TIVY  when y o - o
g

where ¢ is the frequency of the oscillations, v is the frequency parameter, ¢ is the accelera-
tion due to gravity, v, (1)e /9% is the normal component of the velocity of any point of the
contour, 2a = b is the breadth of the contour L at the waterline, n is the outward normal to the
contour, ®* = jga'lroe vz+j (0t=vy) is the velocity potential of an oncoming system of reg-
ular progressive waves, 27, is their height, B_ and B_ are the complex amplitudes with
respect to j, of the waves generated. In all terms having the exponential time factor

e/, it is proper to consider only the real part.

In the present work we intend to give a method of finding the exact solution of the
problem in the general case for a wide range of contours, by means of which all the hydro-
dynamic characteristics can be checked. This method was used in a particular form in our

works, 1+2

1Ret’erences are listed on page 21.



2. For finding the solution of the problem we shall use the function
w=¢(y 2)+ Ty (Y, 2)

of the complex variable z = y + ¢z where ¢ = /-1 is an imaginary unity, not interchangeable
with the imaginary unity j = /=1.

By means of the function w (z) condition [1.2] can be written in the form

dw
Im|— + dvw) =0 when 2=0, |y| >a [2.1]
dx

Condition [2.1] permits us to expand the function dw/dz + ¢vw in the upper half plane.
As a result we obtain a holomorphic function in the whole z-plane outside the contour L + L,

where L is the mirror image of the contour L in the upper half plane.

In the neighborhood of an infinitely distant point the following expansion is valid:

dw ag” by’
— W= — + —— + .0 [2.2]

dz z 22

where from condition [2.1] the coefficients a, ", bo’s . .. are real with respect to the
imaginary unit 2,

For building up the function, having finite values everywhere, we shall make use of the
idea of L.C. Sedov which was developed by him in the problem of gliding,3 and we shall

introduce another function f(z) = r + s, connected to w(z) by the equation

— =— 4 3w [2.3]

Obviously the function f(z)is holomorphic everywhere outside the contour L + L and
is limited to points of this contour.
On the basis of [2.1] for the function f(z)we have the condition
or
— =0 when z =0, |y|>a [2.4]
dz
We shall set up the boundary condition for the function 7 at points of the contour L.
Multiplying both sides of Equation [2.3] by the quantity

dx dy . dz

—_—=—t

a @A
where dl is an element of the arc of the contour L, we get

af dw. (dy .dz)
dl_dl+ww ﬁ+z(—iZ



Separating the real and imaginary parts in this relationship we will have as a result
ar 9o dz dy or 9o dz dy

— ==~V ¢ -v=1, =Y - v—= 2.5
a-a vat raY oY@y TV a? [2.5]

[2.6]

Therefore the function ¢ is known with accuracy on the contour L up to the constant ?

o= -f v, @) di
0

[2.7]
where ¢, is the value of the function ¢ at the point y = @, 2 = 0, and the integration here and

in later integrals is carried out over the portion of the contour L from the point y=a, =0

We eliminate the unknown function ¢ from the relationship [2.5]. Thus, examining the
first relationship as an equation relative to ¢, we get

l l
¢ =r+e¥? (qSl -+ VJ e Viidz + vfe"”xﬁdy)

0 0
or

l l
r+ve”zj‘e""zrdz=¢-e”’ ((;51 -1+ vJ e"”’x/;dy) [2.8]
0 0
where ¢, and r, are the values of the functions ¢ and 7 at the point (a, 0).

Now multiplying [2.8] by v (dy/d?) and adding this to the second equation of [2.5], we
get the condition for » on the contour L:

!
ar d dz d
Z v rrverr | eVirds) =0 40 2 y
an dl

. Y-y —2 eVZ

dl dl
0

{
(¢1 —ry+ j e'"’¢dy)

[2.9]
0

Let the function 2 = y + ¢z = F' () fulfill the conformal transformation of the outside

of the contour L + L in the z-plane to the outside of the unit circle with the center at the
origin of the coordinates in the r-plane,



Further, let us introduce the auxiliary variable

=&+ an, reel,  z=F(4)=F

In the ¢-plane the contour L corresponds to the part of the axis 5 from — # to 0, and the
half lines = 0 and 5 = — 7 (£ > 0) correspond to the parts of the coordinate axis z =0 and |y| > a.
It is easily seen that in the {-plane, condition, [2.4] has the form
ar
— =0 wheny=0 andp=-n [2.10]
dn
Let us transform condition [2.9]. For this we note that when & = 0, the equations are
valid

or or

on o9&

a¢

d¢
dz

dz

dz dz

ad
’ dl dn

= [2.11]

)

dl - dy

Therefore, multiplying both sides of Equation [2.9] by the coefficient of the quantity
dz/d({, we get the condition when £ = 0 for the values — <5 <0:

ar d: K
—_ u—! (r + vev? e""zrdz) =, (1) [2.12]
9t dn
0
where
de|  ds dy 7
)= | 07|V Y+ Y e¥* (¢1 -yt Vf e-”l/fdy) [2.13]
0

For finding the function f let us represent it in the form of the following series:

f= E ar"+a, InT = E a,e " EH M 4 g (£ 4+ in) [2.14]
n=1 n=1

where from condition [2.10] it follows that all the a_ are real coefficients. In order to satisfy
condition [2.12], let us form the expression for r and dr/d¢ when £ = 0:

] 00
dar
r= E a c0s A, Zp=- 2 na, cos ny +a, [2.15]
n=1 n=1

and let us expand ® (p) in & Fourier cosine series in the interval (-, 0):

b 0
0
® (n)= 7t E b,cosny [2.16]

n=1



/

Using these expansions we can represent condition [2.12] in the torm

oo o0 n
Z" E v dy -
- na, €os nn - v a, E:; (cos mn + ue"’j e~V* cos m;dz) + ag

n=1 m=1 [+

by ks
=5t 2 b, cos nn [2.17]
=1

Further, let us expand the following function in a Fourier eosine series in the
interval (- =, 0)

dy 1 Aom -
v (cos my + ve¥* j ¢V% cos mnds | = - * Z A, €0s ny [2.18]
T 0 n=1
where
0 1
d
Apm =~ 2v (cos my + ve¥* j cos mpds ) = cos nndy [2.19]
v w dn
—-7 0

Now substituting expansion [2.18] in [2.17] and equating the coefficients of cos ny on
both sides of Equation [2.17], we get the infinite system of equations fer the coefficients a,
and the equation defining a:

a, = 2 Comlm +B, (m=1,2,3,...) [2.20]

m=1

a, =% E ( By - aon,n) [2.21]

‘m=1
Here
Y| b
nm R
Cnm = — B, =- - [2.22]

The coefficients 4 ., depend on the frequency parameter v and on the geometric
properties of the contour L. The contour L + L appears to be symmetric both with respect
to axis y and to axis 2, and its characteristic parameters are the ratio T'/a, where



T is the draft of the contour L, and the coefficient of fullness of the area limited by this
contour. Only these two parameters essentially influence the value of the hydrodynamic
characteristics.
For symmetric contours the mapping function z = F(+) has the following form in the
neighborhood of an infinitely distant point:
kE, k,

z=kyT+r—+— +... [2.28]
3
T T

where %, are real numbers. One of the simpler functions

a+ T a-T
z = r+ [2.24]
2 2r

results in a conformal mapping outside the ellipse with semi-axis @ and T on the outside of
the unit circle T = 1,

If in [2.23] we retain only one term, containing 73, then we get a function realizing the
conformal representation of the exterior of the family of smooth symmetric contours on the outside

of the unit circle in the r-plane:
e=y+iz=kyr+k v 4k, T3 [2.25]

Assuming T = ei”(f = 0) and separating the real and imaginary parts in [2.25], we
obtain the equation of the contour in parametric form:

y = (kg +ky)cosn+kycos3n 2= (ko ~ %) sin n - %, sin 3y [2.26]
Let us introduce the dimensionless parameters p and ¢ by means of the relationship

T

k=
l+p+¢

0 k

1= - Pky  ky =gk [2.27

then let us put 5 = 0, in Equation [2.26], and we will have

1l+p+q T
l-p+q a

[2.28]

Further, calculating the area enclosed by the contour L, and making use of the symbol
for the coefficient of fullness, 8 = §/2aT, we get the equation:
1-p2-2 T
TP g [2.29]
4(1+p+9)? a

6



The values of the parameters p and ¢ in terms of T/a and B8 are determined by relation-
ships [2.28] and [2.29].

In Figure 1 the outlines of the contours are shown for various values of 8 when
T/2a =0.5.

Obviously, if we retain the next

term containing =5 in expression [2.28],

A
(=]
Y

we obtain a wider class of contours, How-

ever, for problems of pitching, a range of \
contours which are described by two pa-
rameters is adequate.

"

g
-

From all that has been said it
follows that the expression [2.25] can be
used as the basis of calculation of the T o
coefficients 4, for a wide range of con-
tours of principal configurations, Let us

calculate these coefficients for an ellip-
tic contour L + L and let us carry out the
analysis of the solvability of the system y
of infinite equations [2.20]. From [2.24]

wé have y = a cosp, 2 = T sin 5 for the

coordinates of the elliptic contour, There- Figure 1

fore expression [2.19] takes the form

w n
A, =-= J‘ (cos mny -«e“"i‘"'j e**i2? cos m¢ cos tdt’ cos nqg sin-ndy  [2.80]
) 0

where

T
A = va, a= /\; . [2.31]

First of all we shall show that lim A,n=0 when T/a +» =. For this let us consider the
integral

n
J= ae~asin "j’ e®®in t cog ¢ cos me at [2.32]
0



The substitution siny — sin¢ = u/a transforms it into the form
asiny
J = e~ cos mt (u) du

0

Hence without difficulty we find out that lim J = cos mn when T/a + = for the values
0<n<m; therefore 4, -0 when T/a~ .
Also it is not difficult to calculate the values of 4,  when a =0 (T/a =0):

ox (7
A4 W _ = j cos my cos ngp sin ndn [2.33]
0

nm T

The coefficients 4,1 are different from zero only when the indices n and m are
either both even or both odd. We have

40 2\ 1 . 1
2s+1, 20417 o | 40+s+1)2-1 4(-s%)-1

[2.34]

2A 1 1
L) =0 2 + 2
’ w | 4(+8)* -1 4(-s)-1

For convenience in computing the coefficients 4,, for any a we shall separate

expression [2.30] into two parts

A=A, P+ 4,,® [2.35]

n

where the values 4, (1) are defined by Formulas [2.34] and the values A, by the formula

™ 7

21 d d .

4, @ =- - [E (e=@*in7) cos ny j = (e®®i"¢) cos tdt] dn [2.36]
0

0

We shall use the expansion

d : = '
= (e@®int)_ _o Z (- 1)*2kl,; (o) sin 2kt
k=1

+2 2 (-1)% @k +1) I, (a)cos 2k + 1)p [2.37]
k

0



where I (a) is a Bessel function with imaginary argument,

(= 1)¥1y(e) =

|

T
J ch (a sin z) cos 2kz dz
0

m
1 . .
(- 1)k’2k+1(°') = — .]' sh (a sin2) sin(2k + 1) 2 dz
0

Substituting the expansion [2.37] in [2.36] and performing the necessary calculations,

we get the following expression for the coefficients Anm(2):

Anm(z)z— ./:, (_1)k2k12k(°‘)
k=1

d En+2 mt En—2k - 2En(2) Eni%%c—m + En—2 - 2En(2)
X —
da 2k + m * 2k - m
- _5_ (- @k +1) L, (a)
k=0
E, +E
d 2k+1+m+n 2k+1+m ~n 2k+1-m+n 2k+1—m-—n [ 1
X - +
da | 2k +1+m 2% +1-m 2.8
Here
1 (7 1 ("
1 - i . -
E (- - J e~ SN sin npdy, E, P = poy j. e~ %17 cos iy dy [2.39]
0 0
(2)

where Ezp(l) =0, E2P+1(2) = 0 and therefore the indices n and m of the coefficients Apm
are either both even or both odd. The coefficients E2p+1(1) and E2P(2) are expressed by
means of the Bessel function I, and the Lommel-Weber function Q,. We have

E2p+1(1) == (=P, (@) =y, (o), E2p<2> = (- )P Iy, (a) + 42, (ia)



where

™
1
Q,,(2)=— J' sin (2 sin @) cos 2 pzdz [2.40]
P T
0

m
1
sz+1 (2)=- - J cos (2 sin 2) sin (2p + 1) zd2
0

Thus the system of Equations [2.20] is broken up into two independent systems of in-
finite equations—one for ¢, ¢ with odd indices and the other for ¢ c with even indices:

Gs41 = CoVagy +Byyy  (8=0,1,2,..) [2.41]
l=0
a,, = Z Co®ay+B,, (s=1,2,8,...) [2.42]
=1
where
A A
2s+1, 21+1 2s, 21
¢ (2t 2 c., = 2.43
st os+1 st 28 49

Let us investigate under what conditions the sums |Cs(‘)| + leml + ... for all values
0 1

of s remain less than one and the same number, less than unity. And therefore under these
conditions the systems [2.41] and [2.42] belong to a number of completely regular systems,
which are well-known and convenient for computation. First of all, because of the passing to
the limit in [2.32], we have (lasgi)| + 108(1‘7| ++..)=0for T/a » . Therefore, for sufficiently
large T/a the systems [2.41] and [2.42] appear to be completely regular,

Also let us show that the systems [2.41] and [2.42] appear to be completely regular for

small values of T/a. Using expansion [2.18] when = 0 and Formulas [2.34] and [2.43], it
is possible to show that whenT/a = 0

4 1
E c. V] - -
I, M @t D) [1 ] (3=0,1,2...)

4(2s + )2 -1

E v 4 ) 1 1
ICsl(Z)l = — 1 -— — (8 = 1, 2, 3, .. -)
™8 8s2 -2

=1 16s2 -1

10



Hence

= 92 A
2 c, <— z Cc 3 <—
| | | st = 30n

Here the equality sign holds in the first sum when s = 0 and in the second sum when
s = 1. Thus for small values of T a the indicated sums are less than one and the same number,
less than unity, as long as A < 30/92 n.

If the system of coefficients B, is limited in modulus to its own set, that is, regard-
less of the index n, which, obviously, takes place in our case since B, = - b,/n, where b
appear as the coefficients of the Fourier series, then, as follows from the theory of completely
regular systems, systems [2.41] and [2.42] have a uniquely determined solution for the un-
known coefficients, where for the solution of completely regular systems it is possible to use
the method of successive approximations.

Further, let us show that for small and large values of T'/a and any A the systems
[2.41] and [2.42] satisfy the conditions of solvability by means of infinite determinants. For

this let us write system [2.41], for instance, in some other form:

00
y rd
023_’_1:{: ;Csla2l+1+823'+1 (8=0,1,2,...)
=0

where

A2s+1,2l+1 b2s+1

Ci;1=0 C./= B.’ ==
e st 28+1—A23+1,28+1, 2ol 28 +1-4,,01, 2541

It is easy to see that the series| B,"|+ | By | + | BS| +. .. converges and that for
small and large values of T/a the double series made up of the sum of the coefficients 03[2
converges for all A. Since C;; = 0 for any /, we are convinced that the sufficient conditions
are fulfilled for the solvability of system [2.41] by means of infinite determinants. The

solvability of equations [2.42] is proved by similar means.

3. If the function f(z) is determined, then considering the relationship [2.3] as a differ-
ential equation relative to w(z) and trying to satisfy conditions [1.4] partially, we find

z
w(z) =e *V* [7.%’0(1“'1')+141+i¢42+j. ge"”dw]

T

+ [3.1]

11



where 4, and 4, are constants of integration.
From Formula {3.1] we get, that at great distances from the contour L the wave motion
is defined by the functions

. -

w(w)=Lj%’o(1—ii)+A1+i42 emi¥*  whenzo+ o

[3.2]
w(z) = fgro(l—ij)+31+i82 e~ V¥  whenz -+ -
| ¢ ..
where
P
Bl+i82=A1+iA2+j —d-g-e”’xda:

+ 00

In this formula the path of integration is along a curve connecting the points
2 =+ 0o and # = — o and located in the lower half plane below the contour L.
Therefore, it is easy to see that the indicated path of integration may be replaced by

the contour C', encompassing the contour L + L and directed in a clockwise direction:
B, +iB,=4, +i4 I giveg
1+'& 2—*1+Z«2+ B—;e 4
c

Here replacing the function f by the expansion [2.14] and then letting 7= ¢~ 1, we
shall have the following expressions:

o d - :
Bl+Bz=A2+iAZ—aOJ. e””‘——gé+ nanj (r-letvx gl
K

K n—1

Here K is a closed contour containing the point ¢ = 0 and directed in a counterclock-
wise direction.

Let us introduce the notation

Dn=DrSI)+iD’E2) =j ¢n—1ezvxd¢ [3.3]
K

12



Then the preceding equality has the form

By +iBy = 1, +i4, = ay [D{V +iD{D] + 2 na, [D{V +iDD] [3.4]

n=1

Separating the real parts in [3.2], we find that to completely satisfy condition [1.4],
it is proper to set

4,=j4,=B,
[3.5]
By=-iB,=B_
Therefore, in [3.4] replacing ¢ by j and later by - j, we obtain the expression for B,
and B_:
o0
B, = % {ao [D§V +iD§D] —Znan (DD + jD}P]}
n=1
[3.6]

1 [ ]
1 . N
B—=~§{“o g - io{1- na,,[o,s“~fDrf”]}

n=1

These formulas permit us to calculate B, and B_, if, besides a,, D, is also known.
For calculating the latter let us consider the smooth contours, for which according to [2.25]
the mapping function has the form

k
0
w=k0-r+k1'r‘1+k2-r‘3=k1§+z-+k2{3

Let us substitute this expression in [3.8] and then set

As a result we shall have

1\%n ' 1
D, = (-— —) j g1 exp[z—” <t+—+yt3)] dt
p , 2 ¢

K

13



where

kok
1 0 2 -—
p=2vVEk k, =2vk,(-p)*, y= ; =qp~2 [3.7]
k
1

1 L .
Further, expanding (5 ipyts) as a series in powers of ¢ we find

1\A 7 k ;k .
D =(-= E [N tht3k=1lexp S PN L dt
p = 2 | k! ~ 2 4

The integral sums in this form are easily determined by means of Bessel functions, and

finally, we get the following expression:

1\4n Z’"
D,=2n (-——)
p

k=0

k sn+4k+1
ry\" ¢
(—> _k'_—— Jn+ 3k (,"’) [3.8]

Let us note several particular cases. First of all when T/a » 1 (p » 0), expression [3.8]

takes the form

k

. o, 4 4
Z#(’)nz : HOQ) 1 s
D =9ni|— =2k, = — .
n ’”(2 94 k! (n + 8k) ! <"° ¥*o 1+q> 13.91

k=0

Further, considering the case of the elliptic contour and letting ¢ = 0 (y = 0) in [3.8],

we get
a + T \%"
Dnzzﬂin-u(aiT) J, (vVa? T?) whena > T {3.10]
a+T\%" e
D"=2"in+1(T-a) I, wVT?-a? when a < T [3.11]

In particular, for 7' = a we have

Dn=2ﬂl -

[3.12]

14



which also follows from the more general Formula [3.9].
Finally, let us note that for the elliptic contour the following form can be given to
Formulas [3.6]

00

T\%"
B, = njayJy (vyaZ = T2) - n E nan(:+T) "t (vya? -T2
n=1
[8.13]
. 3 2 = a+ T\%7 3
B_=njagly (vWa? -T?) +n na, | —— (-)**1J, (wa? - T?)
n=1

in which for T >a and T = a it is necessary to perform a substitution according to [8.11] and
[3.12].

Now let us determine the constants r,, ¢,, and ¥ upon which the coefficients a , and
hence, B and B_, depend linearly. We shall let n = 0 in expression [2.15] for r, then we
shall get the following equation:

r1=a1+a2+as+... [3.14]

Further, letting z = a in [8.1], then replacing the function f by the expansion [2.14] and
separating the real and imaginary parts, we get the equations for ¢, and y:

¢1=(i£fo+t‘1+) e~V 4a P, - E na P, [3.15]
g

n=1

g . -7
¥y ”(7 fo “JB‘) eIV aaQ, - 2 , na,Q, [3.16]
n=1
where
. 1 1
Pn + iQn =g~ ive I eWA(T) p=n=14. _e—ivaj cn-leivx(é') d( [3.17]

teo 0
For the calculation of the function P, and @, first of all let us establish a recurrence

formula. Considering the class of contours with smooth outlines and integrating in [8.17] by
parts, we find

15



By (Pry 1 +Q, 0 )+8ky (Pry3+iQ . 3) ~kg(Pyq +i@,_y)
+ f_ P, +iQ,) = A [8.18]
v 14

Hence all the functions P and @, are expressed in terms of these same functions with
indices n =0, 1, 2, 3. In particular, for the elliptic contour (£, = 0) the functions P, and
"2, are expressed only in terms of Pys 29s Pys and 2, where for T = 0 these functions are ex-
pressed by means of Hlankel functions.

Ve have

. N i
P0+ic’20=—gie"')‘l1(§1)(}\), Preigu=c e MAD )+~ (A =va)  (3.10]

m
2

We get the simplest expressions for the functions P, and 3, for the contour having the

form of a semicircle. In this case z ()= a7 and therefore

eitds

tntl

A
P +:Q,= AR e A j
+o0

The corresponding recurrence formula has the form

: iA : 1
Pn +7’Qn =—;'(Pn--l +2’Qn—l)- n

Hence all P, and @, are expressed only in terms of P, and §;. The latter are ex-

pressed in terms of the sine and cosine integrals
Py +iQq = e~ A (ci M + isi])
Therefore

iA (e))2 GN°
a1 a@m-D@m-9 T Ta

. 1 - , ,
pn+an=_; e ‘)‘(czh+zsz)\) [3.20]

16



Let usreturn to the system of Equations [8.14]-[3.16]. The coefficients a, and,

therefore, B, and B_ depend linearly on vr,, ve,, and vy ;. Hence the determinant A(v) of
the system [3.14]-[3.16] with respect to the unknowns r,, ¢, and y, is equal to unity when

v = 0. Since A (v) is a continuous function from v > 0, then A (v) > 0 for sufficiently small v.

Therefore, for small v the quantities r,, ¢ and ¢, are determined uniquely.

4. Now let us investigate the general formulas for calculating the hydrodynamic forces.

First of all, for the pressure at any point in the fluid we have

p=-pjoe (y,2) e/

fere we have not taken into account the hydrostatic pressure, the resultant and moment

of which are easily calculated.

Let Y, Z, and M, denote the projections of the hydrodynamic forces and their moment

acting on the contour L. Then for these we have

or

~
L}

-J pcos(n,y)dl, Z-= —-J p cos (n, 2) dl
L L

=
i

i -f ? [y cos (n, 2) ~ 2 cos (n, y)] dI
L

Y =-pi 2 ei'"f védz, Z=pj1ei°‘J v dy
g (o4
L L

Mx=Pj‘§ e"‘”j. vé (v dy + 2 dz)
L

For the following calculation we use the relationships, following from [2.5]

ay dé dz ar
v b — g

dz dé dy dar
an i dl an

v a1 Ta ¥ e
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Therefore the preceding formulas may be written:

. d d r
Y=—pj£e1‘” (._is _3/¢__\)
o L al

z._-p,'i’eiotj
g

dy de ar ar
= ]a't —_ — - — - — _— dl
" "’ ¢ _[[ ¥ ”) (Z‘dz dz\)‘/’ (az“any)]

0 ,,% ,_ 9" [4.1]
(an+ dz'/"an)dl

o~

First let us make the calculation of the vertical component of the hydrodynamic forces.

From condition [2.4] we have

jardl 1j -t af
L&n 2 +on 23 -

where the integration is performed in the clockwise direction.
Further, using expression [2.14] and the theorem of residues we find

F)
j édlznao
L

and, therefore,
.9 ot deé dz
Zmeige UL(E”TJ“ d = (4.2]

The integral sum in Formula [4.2] is also easy to calculate. Actually, at points of

the contour we have

18



d
T V2 cos (ny ¥) + v cos (n, 2) + v4 [y cos (n, 2) - 2 cos (n, y)]

dz dy dy dz
S = - - [4.3]
Y2 s Y (3’ a b dl)

l

d v

¢=|/[1 —I fdlzlpl+1)23..03(y_a)_.2_4(y2_a2+22)
0

Here v,, v, and v, are the complex amplitudes, with respect to j, of the linear and
angular velocities.

Substituting [4.3] in [4.2], we find the simple formula
. g ,’gt
Z=-pj=el% (may +bog +vSv,) [4.4]
[

where b = 22 is the breadth of the contour L at the waterline, and § is the area bounded by
this contour.

Now let us calculate Y. Performing the integration using [4.3], we have

.9 .
Y =-pi= e/t (g~ +r =1 ) +pjoel® [Sv, —abu,

2
+(kS-§a3) v, ~ ¥, 0] [4.5]

where ¢_, and r_, are the values of the functions ¢ and r at the point y = — a and z = 0,
% is the depth of submergence of the center of gravity of the surface. The quantity »_ Bt
easily determined. Letting n = — # in expression [2.15] for r, we get

Py ==0C 48y =Gy +0y~. ..
Therefore

ry=t_1=2( +a3+ag+...) [4.6]

The value of the function ¢ at the point ¥y = ~a and 2 = 0 is determined with the help
of quantities analogous to the functions P,

19



¢_1=j-§-r0er“+3_e'jVa+a0P0'— 2 na P/ [4.7]
n=1

where

BRI Z1C))

Pn'+iQn’=e"V°j dr (4.8]

- 00

pnt+1

The moment of the hydrodynamic forces is calculated by a similar method. We shall

present this calculation in the transformed form
1 g ..,1 -
Y ==Y +pj=el’t=1Im z df + M
v Pl o 2 — F+ ¥4
L+L
where

.9 . d¢ dy dz
o=pi—ce J.L(yan vadzn/z+vdl y:/:)dl

For the class of contours with smooth outlines we have

T =y-iz =k0;+kl;'1 +k2;"3

and since for a unit circle T =771, thenZ =ky7™ 1 + &, 7 + ko3,
Using this expression, and also [2.14], we find

1 .
My=—7Y +npj L el (kyay+3kyaz)+ M, [4.9]
v o

x

where from [4.3] the value M, is determined from the formula

Mo=p7'-% elot [S (1+3vh)o, -2vaSv3+(2vly+2vlz

&ﬂ
—va28+hS——é— vy =2v, S [4.10]

20



Here ly and /, represent the moments of inertia of the surface S with respect to the

y- and z-axes.

REFERENCES

1. Haskind, M.D., ‘*‘Two-Dimensional Problem Concerning the Oscillations of a Plate on
the Surface of a Heavy Fluid,” Izvestifa, Akademiza Nauk USSR, Otdelenie Tekhnicheskikh
Nauk, No. 7-8 (1942).

2. Haskind, M.D., ‘“Pressure of Waves on a Dam,”’ Inznhenernyi Sbornik, Vol. 4, No. 2
(1948).

3. Sedov, L.I., ““Two-Dimensional Problem of Gliding on the Surface of a Heavy Fluid,”’
Trudy Konferentsii po Teorii Volnovogo Soprotivleniﬁm, TSAGI, (1937).

21






INITIAL DISTRIBUTION
Copies

10  CHBUSHIPS, Library (Code 312)
9 Tech Library
1 Tech Asst to Chief (Code 106)

4 CNO
2 Op922-F2
2 Op 923-M4

2 SLA Translation Pool, John Crerar Library,
Chicago, Ill.

5 OTS, TiD, Dept of Commerce

20  SNAME, New York, N.Y.
Attn: Mr. Robert Fremlin

23












*n 0 eony ‘edioy], ‘Al
*n ‘pras(q ‘aeysrg °qIl
*n "H PeIplIn ‘epoig ‘11
‘d'W ‘Pub{sEH ]
SI8A[BUR [BOIJBWOYIB
— yoid - sdiyg ‘g
sisA[vus
[BoIBUIOYI BN — EOUST
103081840 JTWBUAPOIPAH
= S[18ys [¥dLPUIAD 3
stsA[vus
[8o1r8WeYIBN — yoIId
— s[{eys [soupury ‘1

*peIBINO[eo oq ABW S91)S118708BIBYD OTWBUAPOIpAY

oY) [[® YoTym Jo susvew Aq SIMNOUOD Jo oFusvl pIm 8 10] USAIT

st uonnjos oy ], °swioj diys [8OLIPUI[Ad jo Juryojrd uo wejqoxd
ey} Jo uoln|os 308xe oyj Jurpuly jo poyrew v seald jiodes siyJ

AQUIAISSVTIONN (8L1-99T *d ‘@96T ‘LT °[OA ‘BiIUBgON |

ejljswelBly BIBUpBYIIJ wolj ‘edioy], *D @dI[y pus ‘leysi piAs(

epoig ‘H pedpIijy Aq pejesuei L) ‘sjea *dgg 6561 Areniqed

‘putysey ‘q'W £q ‘(13s0yp1yz 10[0y2z8I1] 350Uy Nierod BU

Bjuoy ofeyoysnreas]d srueqejoy) AINTA AAVIH V A0 IOVA
-40S YHL NO NH0Jd ONILVO'TA V 40 SNOILVTTIOSO HHL

€97 uoyo|suni] -uisog |dpoy Jojdp] praoQg

*n D ooy ‘edioqy, Al
*n ‘pravq “deysty ‘I
0 ‘*H pep[IN ‘epoig Il
W ‘punissH
stsA[Bus [81J8WOYIBH
- yoyug — sdigs °g
sisA[sue
[eonBWOR BN — SONMST
-193082870 OIwBuApoipAH
- s[[eys [BOLIpUI[AD 3
sisA[sus
[Bo1BWeyIsN — yoIId
= s[[eqs [eolpui[k) °T

‘pereno[ed oq Avw S0115119308I8YD OTwWBUApoIpAy

oY) [[® YOIym jJo suseul Aq SINOJUOD JO 65uvl OpIAM B J0] UBALT

st uopn[os oy, ‘suoj diys [eorapurfAd jo Suryojd uo wejqoad
ey} jo uon[os joexe eyj Jurpuiy jo poyjew B s0Aid jiodes sIyJ,

MHIAISS VIONN (°821-9971 °d ‘g96T ‘LT ‘[OA ‘BYIUBOW |

wyijsweIBly sIBuUpE{l1g woy ‘edioy], °D oIy pus ‘Ieysly pirsq

epoig *H peIpIl Aq peje[suel]) ‘s11 *dgg ‘6G6T Aleniqa ]

‘puryseq QW Aq ‘(11soypryz ,1o[eyzely nsouyyesod su

BIju0y oFeyoysnyeas(d wriueqe[o}f) AINTd XAVIH V 40 AOVI
-40S JHL NO WY0Jd HONILVOTd V 40 SNOLLVTTIOSO HHL

‘€87 uolp|suni] -uisog |3poy ojdp| piAanQ

*n D eony ‘edioyy, Al
*n ‘praeq ‘deysid CIIl
‘1 “*H poapltN ‘epoig °II
*@’'N ‘pupisel I
sisA[eus [8o1)BWEYIBN
- yond — sdigs °g
sisA[sus
Teciiswey By — ONsI
-1910818Y0 d1WBUApOIpAH
— s[{eys [8apurj) g
sisA[suv
[so138WeYIBK — 4ANId
~ s[reys [sopurAD 1

‘pejeIno[Eo 6q Avw SO135118908I8YO dTWBUAPOIpAY

oy} [[® YOIyM JO suveuwl Aq SIN0OJUOD Jo o5usl 8pIm B JO) USAIT

st uornjos oyJ, °swoj diys [8o1apur[Ad jo Suryoyd uo weyqoid
ey jo uornjos 308xe oyj Surpuij jo poyrew v seAld jiodes siy],

QHIAISSVTIONN ('8LT1-99T *d ‘96T ‘LT "[OA ‘syIUB O !

eyyBwWels)y vIsupsplagd woyj ‘edioy], *D o1y pus ‘leysiq prasq

opoig °H peIpIIN Aq pejsisuea]) ‘sjea *dgg 6961 Aieniqe g

‘pun{seH ‘A'W Aq ‘(11s0}pPIYZ (10[eyzer Lysouyyeiod vu

wmjuoy oFeyoysnieas(d sirusqeo)) AINTd AAVIH V 40 IOV
-40S THL NO WH0Jd ONILVOTA V 40 SNOILVTTIIOSO HHL

‘€87 uoiyp[subs] ‘uisog |dpoy o]p] pran(

*n D ooy ‘edioyL Al
*n ‘prasq ‘Jeysiy °III
*n ‘*H peIplI ‘epoig °II
‘AN ‘punisEH T
SISA[BUB [¥OIJBWOYIBN
- youd - sdigs °g
sisA[sus
[eonjewWey) By — SOMSI
-1930818Y0 d1wBuApoIpAH
— S1eys [volpuUl[AD 3
stsA[eus
180138WeYIBN — YId
— §[1eys [woLIpUIAD °T

*peje[noes oq Aew S0195148308I8YO OlwWBUAPOIpAY

oY {I® Yo1ym Jo suvew Aq SMojuOd jo o3usl epim B 10j uUeAId

st uoinos oyJ, ‘swioj diys jeorapurjAo jo Suryoyd vo wejqosd
ey} Jo uorn|os 198xe oY) Suipulj Jo poyjew B8 seAld yiodes siyL

QEAI4ISSVIONA (8L1-997T *d ‘8961 ‘LT *JOA ‘®IULYION !

v1JBWeIB BIBUpB LI WoJj tedioy], *) @dI]y pus ‘Ioysiy plas(

epaig 'l pedpll Aq pere[sued]) "sjea *dgg '6g61 A1eniged

"puryseH ‘a'W Aq ‘(soypiyz ,10[eyzery souyyesod su

smjuoy oBeyoysnisaw(d vriuvqo[o)) AIN'Id XAVEH V 40 DVA
-40$ EHL NO WHOJA DNILVOTd V 40 SNOLLVTTIOSO FHL

*€87 uoyo[Suns] -uisog |9poy Jo|An] piaoQ







5 ¢*0 edny ‘ediogy, Al
n ‘pravq ‘aeystd °III
‘0 “*H paIp[IN ‘epoig °II
‘AW ‘puryssy
STEA[BUR [BOI)BWOY)B]
- yond — sdiyg ‘g
sI1sA[uuy
.—domudEWﬁdz — sonsI
-1070818Y0 oW BUApOIpAH
— S[[eys [BOLpWILD) ‘G
sIsA[sus
[8onBweyIB — yNid
= s[leys [eanpuIky ‘1

*peIBINOYBO o Aswi S31}§11890818Y0 orwsulpoiply

oy} I8 YoI1ym Jo susew Aq SINOUOD jo eFuvl epim 8 JOJ ueAId

st uonnjos oyJ, ‘swioj diys [sorapurjAo jo Juryoyrd uo weyqoid
ey jo uoinjos 198xe oYy Suipurj Jo poyjew v seAld jiodea siy],

AdI4ISSVTIONA (°821-99T *d ‘@96T ‘LT “[OA ‘BYIueyiol !

8y l)sweleBly Breups[ylag woyj ‘edioy], ‘) eoi[y pus ‘ieysiy prAs(

epaig *Ij peIpTiW Aq pere[susa]) ‘sjel *deg 6461 Arenigod

‘punisel ‘A'W Aq ‘(nsoyplyz ,(o[eyzery 1souyIesod su

vmjuoy oFeyoysnreas(d siiusqeoy) AIN'Td XAVHH V 40 FOVA
-40S IHL NO WH0Jd DNILVOTd V 4O SNOILVTIIOSO HHL

‘€87 uond|suni] -uisng |dpoy 40[Ap] PplAnQ

*n ‘D eory ‘ediogy, "Al
*n ‘piaeq ‘Jeystg Il
1 ‘°H peIpIIN ‘epoig °II
‘Q'W ‘pun{sEH I
S1SA[8uUS [BO1)BWOYIB]
- yond — sdigg ‘g
sisA[eus
[BoNBWOY) BN — SOMST
-1070818Y0 O1WBUAPOIpAH
- §[[eys [8oLpWAD °3
sisA[Bus
801 sweyIs — yoyd
— s[1oys [8oLIpUAD T

*peje[no[eo 6q Avw SO1)S118108IBYD d1wWsuApoIphy

oy} [[® YOIys Jo susew Aq SINOIU0D JO 0Fuvl pIM B 10 USAIT

st uonnjos ey], ‘swaoj diys peorapurjho jo Suryoyd uo wepqoad
a3 Jo uoTIn[os j08xe oY) Jurpuiy jo poyjew v seAld ja0ded sty

MAIJISSVTIONA (8L1-99T *d ‘gG6T ‘LT "IOA ‘®qIuBYioN !

vyljewWole BIBUPB[Yl1 woy ‘edioy], "D ©OI[y pus ‘ieysty plar(q

epolg *H peIpIiy Aq pejejsur]) ‘s101 *dgg ‘AG6T A18niqeq

‘punysel ‘d'W Aq ‘(1soypryz ,101eyzeI} 1Isouyyiesod su

smjuoy ofeyoysnivae(d wrtusqe[oy) AINTA XAVIH V 40 FOVI
-401S ¥HI NO WY04 DNILVOTd V 40 SNOILVTTIOSO HHL

‘€87 uoyp|SuDi] ‘uisog [2poW 10]4p) piAdQg

1 D ed[y ‘edioq, °Al
*n ‘plasq “eystd °III
*n “°H poIplIN ‘epoig ‘I
*A'N ‘punissH ]
s1sA[vu® [8O1)BWOYIB]N
- yond - sdigg ‘g
sisA[sue
TeonsweOIB — ONsl
-1930818Y0 O1WBUApoIpAH
— S[[9YS [9IUPULAD G
sisA[eus
[eoneweyIvN — 4N
— s[reys [vonMIAD °T

*pere[noed oq Avw S219511810818Y0 OIWBUAPOIpAY

9y} []8 YIIym Jo susew Aq SINOIUCD JO 6Fuwl 8pIm 8 JOJ USALS

st uolnjos oy, °swioj diys [eorapur{£o jo Suryojrd uo weyqoid
oYy Jo woIM[os 308Xe oy Sulpuyj Jo poyjew B seAld jsodex siyJ,

QATAISSVTIONN (*827-691 °d ‘@G6T ‘LT "[OA ‘BiIUBpO !

8y1)BWeIB BIBUpB[ 1] woyy fedioy], *) @01]y pus ‘1eysiy plas(

epoagl *H peIpIiy Aq peysrsuei]) *sje1 *dgg ‘8g61 Areniqey

‘putyseH ‘A'W Aq ‘(1150¥plyz (1010Y261) IysouyyseAod vu

sanjuoy oFoyoysnivae(d situeqo[ol]) AINTd XAVEH V 40 OV
-8(1S AHL NO W¥04 DNILVOTA V A0 SNOLLVTITIIOSO FHL

‘€87 uolip|suni] -uisog |dpoy Jojdo) p1anQq

‘0 ey ‘edioy Al
n ‘praeq ‘seysig I
*n “°H peip[IN ‘epoig °II
*A°W ‘pupiseH [
st Pﬁdnd —domuusoﬁuui
- yond ~ sdiyg °¢
sisA[sus
Teonjsweo B — sONISI
-1030818Y0 OTWBUAPOIPAH
— s[[eys [soupulik) ‘g
stisf[sus
1801)8WAYIBN — YOI d
— s[[eqs [soupuUIAD °T

*pejeINO[BO oq ABw SO[1511690838Y0 OTwWBUApoIpAy

oY) [[® yoIym Jo susew Aq SINOJUOD Jo oFuel epim ¥ 0] USALS

st uoinjos eyJ, ‘suioj diys [eorapui[Ao jo Suryoyrd uo wejqoid
oYj jo uorn[os jo8xe eyj Jutpuyy Jo poyrew B soAld jiodes siq],

QAIJISSVIONN (‘8L1-99T °d ‘896T ‘LT "TOA ‘BAIUBYION !

8jljswele]y vIBUpBlId wol) ‘edioy], "D @OI[y pus ‘ieysiy plAs(

opoig 'H PoIpIIN Aq perefsusl]) ‘sjes *dgg gG6T Areniqey

‘pupyseq ‘q'W £q ‘(soypilyz ,tojeyzer) nsouyyiesod su

vinjuoy ofeyoysnivavd svrrusvqeo)) AINTId XAVIH V A0 AOVA
-40S FHL NO WHOJ DNILYOTd V 40 SNOLLVTTIOSO HHL

*€8Z uolip|suos] -uisog |apoy J0jAD] PpilAaDQ







*n 0 eoly ‘ediogy, Al
*n ‘praeq ‘10ysig Il
‘1 “*H poIplIN ‘epoag ‘[l
‘d'W ‘punissH |
sIsA[BU® [8O1)BWOYIB)
— yoid — sdiqg g
s1sA[suv
[BONBWOYI B — SONST
-1930818Y0 O1WBUAPOIpAY
— S]1eys [8dLIpUIIAD °3
sisA[eus
[eo1psweyIs — yoid
= S[ieys [9d1pullAD °T

‘pere[No[ed oq ABW SO[)S110308a8Y D dlwBuApolpAy

8y} [1® yoIym Jo susew £q SINOJUOD Jo oFuvl OpIM B JOJ UBALT

st uolnjos oy, ‘swioj diys [vorapuI[A9 jo Suryyid uo wepqord
oY3 JO uoIn[os J0¥xe oyj Jurpulj Jo poyew B s0AlS jiodes styJ

QAIAISSVIONN (8L1-99T *d ‘96T ‘LT °[0A ‘ByIusyyoN !

8)lyBwelepy visupspilad wolj tedioy], *D 601y pus ‘leysiy piasg

epoag ‘H POIPTIN %& —uo.ua—mcmu,.hv *‘sjos .amm 6661 z.—a:.ﬁ@.ﬁ

‘pupiseH ‘d'W Aq ‘(11s0ypiyz 10]0yzeI) 13s0UyyI68A0d BU

winjuoy ofeyoysnreasid vrrusqe[ol) AINTd XAVAH V A0 ADVA
-40S HHL NO W04 HNILVOTA V 40 SNOILVTTIIOSO JHL

*€87 uoyp|suba] “‘uisog |dpoy Jo|Ap] pranQ

*n D ooy ‘edioyy, °Al
*n ‘praeq ‘Jeystd ‘M1
*n *H peIplti ‘epoig ‘Il
A’ ‘Pun{ssH ]
sIsA[BUB [BOI)BWOYIB]
—yoid — sdigg g
sisA[sus
[eonjBwOm B — SONST
-10708J9Y0 S1wBulpoipAH
- s[[eys [eolpullkD °3
sisA[sus
[eon swey S — yojid
— s[[eys [eolpui|AD °T

‘peje[no[es oq Asw S01)511970818Y0 OlwsuApoapAy

oY) {18 YoTyMm Jo suvew Aq SIN0CjUOD JO 63uv) OPIM B JOJ USAIT

st uoljnjos oyJ, ‘swioj diys yeorapur[Ao jo Suryoyd uo wejqosd
eY) Jo uorn[os 308xe eyj Surpuij Jo poyrew B seArd jiodes sty

MAIJISSVTONN (°821-69T *d ‘g96T ‘LT ‘[OA ‘syIusyyoN !

8yljsuwIersy BIBUPB I WOy ‘edioy], D) O3I|y pus ‘Ieysij pire(

epoig "H PoIpIIN Aq pere[susi]) ‘s101 *dgg '6G6T AaBniqay

‘puysel ‘q'W £q ‘(nsoxpiyz (lo[eyzey) isouyyioscd su

8Injuoy ofeyoysnieae(d sriusqe(od) AINTA AAVIH V A0 ADVA
-4NS HL NO NHOA ONILVOTA V J0 SNOILVTTIOSO HHL

*€8Z uolp|SUDs]  ‘uisogy [2poy JojAp] piAog

*n ‘D eoly ‘ediogy, ‘Al
*n ‘prasq “Jeysid °III
‘1 ‘*H peip[IN ‘epoig II
‘A’'N ‘pupissy [
sIsA[8us [BO11BWOY)IB]
= youd ~— sdiyg ‘g
sisA|sue

Teonsweylisy — onst
-107081840 O1WBUAPOIpAH
— §1eys [BoLpuI|AD G
sisA[eus

[®o138WeyIBN — Yo d

— s[ieys [vouparky °1

*peje[nofeo oq Avw S9115118308I8YD JIWBUAPOIpAY

oy7 [1® YOIyM Jo susew Aq sinojuod Jo o3usl opim B I0J UsALd

st uolnjos eyJ, °swio) diys [eorapur[ho jo Juryod uo wepqoad
oY) Jo uomnjos jovxe oyj Surpuiy jo poyjew v seald jiodes siyJ,

QAIJISSVIONN (8LT-69T *d ‘gGBT ‘LT *IOA ‘BYIUSYiON |

ejyswels) BlBUpB[ylJ wol ‘edioy], ') oIy pus ‘ieysij prasq

epoig ‘H PeIpIIN Aq perersura]) *sjea *dgg "6G61 A1eniqed

‘punysel ‘' Aq ‘(1ISO}pIyz ,10]0yzer) Iysouyyserod 8u

vmjuoy oFeyoysnisasid srrusqefo)) AINTA XAVAH V 40 IOV
-40S FHL NO WHOJ DNILVOTA V 40 SNOILVTTIOSO dHL

€87 uoyp|suni] ‘uisog |dpoy Jojdn} pi1anQq

') D 8ol ‘edioyy, Al
*n ‘piaeqQ ‘aeystd Il
N “°H peaplIN ‘epoig ‘I
‘AW ‘pupissH I
sIsA[BuU% [821)8UWOYIBN
- yond — sdigg g
sisA[eus
[801BWOY) BN — SOIYST
-1970818Y0 oW BUApoIpAH
- s[eys [ealiputj) g
sisA[sus
1801)BWOYIBN — YOoPd
— s[[9ys [9oLpulAD °T

*peIBINOTEO B ABlW SOI1)S1IOJOBIBYD OTWBUAPOIPAL

oy3 [[® YOTyMm JO susew Aq Sin0juod Jo oFuwl Opim B JOJ USAL

st uonnjos eyJ], *swaoj diys [8o1apurjAo jo Suryojyid wo wejqoic
ey} jo uornjos j08xe oyj Surpury jo poyjew B seAld jiodes sy,

QAIIISSVIONN ('821-69T *d ‘@G@T ‘LT *[OA ‘BYIUBYNON !

ujlBweIBy BIBUPB[ L woyj ‘edioy], *D edI[y pus ‘1eysiy plaeq

epoig ‘H peIpIi Aq pere(suea]) 'sje1 *deg ‘661 Aisniqey

‘punysel Q"W £q ‘(nsoypiyz lojeyzery nsouyiiescd st

vamjuoy ofeyoysnieasld srrueqe(ol]) AINTA XAVIH V 40 HOV:
-80S FHL NO WH0J HNILVO'TA V 40 SNOILVITIOSO HHL

‘€87 uolD|subd)  ‘uisog [apoy Jo|Ap | Pp1ADC













