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ABSTRACT

A new method is described for the approximate solution of integral
equations which arise in the research of M.V. Keldysh and M.A. Lavrentyev
on the problem of the motion of a thin wing near the free surface of a liquid.
The intensity of the distribution of eddies is defined in the form of a series.
The values of y(s), y{($),----- » Y6('s) and the formula for the lifting force
are given for two special cases—a plane plate and a circular arc profile.

In the limit of infinite Froude numbers, the results obtained are in
good agreement, for any depth of submersion of the wing, with experimental
data and with N.E. Kochin’s method.

The problem of the motion of a thin wing with a linear boundary condition on the sur-
face has been examined in the work of M.V. Keldysh and M.A. Lavrentyev.! They obtained a
solution of the problem for the case when the depth of submergence of the wing is large. The
present paper proposes a generalized solution to this problem which is suitable for any

relative submergence.

Beneath the free surface of a heavy fluid moving with steady horizontal velocity V,,,
let there be a submerged wing having the form of the curve C.

The motion of the fluid is assumed to be potential and to be steady with respect to the
moving system of coordinates. The (&, y) coordinate system is fixed with respect to the wing.
The z-axis is situated in the free surface and directed downstream. The y-axis is directed
vertically upwards and passes through the middle of the wing.

We prescribe the boundary conditions:

1. On the free surface of the fluid

e g
Lo (i — ) =0 2
2. On the contour of the submerged wing

Op

on = —y,sin@ (2]

The complex velocity potential function will be sought in the form

w@) = 0.@)v()ds (3]
Cc

1l-'(eferences are listed on page 12.



where w(2) is the potential of a unit vortex, situated at the point s on the contour C, and
y(s) is the intensity of the vortex sheet.

It follows that the normal component of the fluid velocity along the line C will be
given by the expression

v,= { C(@9)v(s)ds,

C
where

€ (0,5) = Re [ dm_sd[z(oi ,'elo(o)]

In accordance with the boundary conditions [1] and [2], we obtain a Fredholm integral
equation of the first kind

SC(O, s) ¥ (s) ds = v, sin 6 (o) (4]
C

For the accurate determination of y(s) including small second-order quantities with respect
to a (the angle of attack), the integral equation (Equation [4]) can be reduced to the form

j? (K(x —8) —[f (x) — f ()1 Ky (x — s} — F (x) I (x — 5)} ¥ (s) ds = 2np,f’ (x) (5]

—a

where .  Ow: dawy, (x) __l_ 1
K@) + il (x) = 20 dx % Tx—om
_a xS
_ 2gi v J‘ e?®
B JTm® )
and
_ & g i
i % % (e g
Kl(x)=Re[-- c—2hp 2 e \ _—(§—2hi)’] [7]

Here A is the depth of submergence and f(2) is the equation of the wing surface.
With an accuracy of first order with respect to @ we have the integral equation

§K (x — s) v (s) ds = 2muvof’ (x) (8]



Putting Equation [8] in nondimensional form:
+r _
SK (x —s) v (s) ds = 2xf’ (x)
-1

x = ax; s=as, Fx)=af (x);
-~ [9]
K(x—s)=—‘1;5(§—§); Y () = v (s) vo;
— h
h =2

where ¢ is the half-chord of the wing.

The kernel K (;) in Equation [9] can be represented in the form

= = 1 1 4ghi ¢ e Mo
K(x) = T e d
) Re[x+ x — 4ki % _Yx—-4h(a+i) a]
0

where A= 2;gh_ {101
%

For the solution of Equation [9], we develop the kernel K () in powers of the parameter

t=Veort1—-Va2h

As a result of expanding the right-hand side of Equation [10] in increasing powers of

the parameter 7, we have

K(x)+i1(x)=_1£ {§ .‘n{é (n—k(n—k—1)...(k+1)
=0

nons @ — 20

X ( _x_ )Hh [i”“"" + 24 s e d
9 — ati—ax 4G
14 J @+d _

S A —k)—k—1)... n—2
—Y R ehebo . G D) (%)

n=13 k=0

g—ite
X [ — \ @+ 5= d“] i}




The integral which appears in this expression can be represented in the form of the

series

+c0
- e i —a]l A A
| wrp =T tammn tae=na=g ¥
© an—l1 ng,_a
+n(n—kl)...2-l— 3‘t:l_ [E:(A) + in]
Then‘ - ;_
N —k)—k—1)... (k4 1)
K(x)ﬂl(x)—YJ’V?[z ) (n—2%)!
n=0,2,4 k=0
x \" 2 0 2 oAt ‘
X(T/—:‘z) [' T r— % T =2 (n—T1—=2% [11]
xn——ﬂt A
+m~%:§%mm+w]
n—1
© i
N r—R)(n—k—1)... (k+1)] x """"[,"—?*
L | _
n;m ugo (n — 2k)! (\V 2) i

22 2A2 21’!——2he_k .
“a—x T n—m—1—2R T —m(&(xw m)”

=-;lc-+2[1\’,,(x)+i1(x)]1:"

nem]

We will look for the function y (s) in the form of a series in‘increasing powers of T

YO = 1B+ W@+ ... + 1,6 ... (12]

Substituting the expansions, Equations [11] and [12], in Equation {9], we obtain a system

of recursive equations

+1 .
S Y@ds _ o (3)
4 X—S
(18]

+1 o +1 n
YalS) o S [2 Ka(x—3)v,_, (3)] ds
X — S -1 -

et m=1

for A>o0.



Thus the determination of the function y  (s) reduces to solving the singular integral

equation +1 (-_ gs
S)as =
S —YL_—)—_—' = \Pn (x)
X—S
Taking account of the end condition for y, (s) at the point z =+ 1, this equation will have the
solution!:2 \

== I/ 1+3 “I’rt(g)d:9

The integral that appears in Equation [14] can be calculated by means of an effective
method, defining the function f* (z) in arbitrary form.# This is especially simple to carry out
if f*(2) is given by a polynomial in 2, which is true for certain practical cases. For carrying
out these operations, y, (@), Y1 (), eenne Yn (;) can be expressed as polynomials in z. The

integrals for these can be determined from the formulas

D, = J‘Vl+s s"ds;
l —ss—x

Dy=n; D,=xDpi+ Anyi;

(%k—1) _

2%k %

1.3...(2k—1)
P al "

=m; Ay = Ay =

By=n=; Bu = —Bgp_1=

‘H

The lift force for a thin wing can be expressed in terms of y (s) as:!

+1_
P=—oa} [ y()ds [15]
=1

l+

Including terms of second order in Equation [15]' one obtains the form
— qav? S (1 +u*)y(9)ds [16]

where u* is the nondlmensmnal perturbation velocny on the- wmg and
=~§l(x-——s)y(s)ds [171

We shall examine some individual examples
1. For a flat plate

Bl &y
I
|
[~]



We shall confine the calculation to a few terms of the expansion [12].
Using Equations [11], (18], and [14], we obtain:

Yo(x) = —2Ra;  y,(x) = 2RK,(M)a

W@ =2R| 3 Kol = KIW) + Ky 0% o
vs(® = 20R [K, (3) — 2K, () Ke (8) + 5~ K () + K} (1) + 3K () ]
Y@ = 20R (5K, (4) + T K, ) — 2K 0 Ky B
— 2 K — > K34+ S KI W KB — KI M) + 5 Ky )
+ [K; 0+ K; ) — 2K, WKy () — K3 ) — 5 Ka @) Ka (1) ] %
HFRm—KmKm| 2+ KnR|

where

Then the expression for the lift force can be obtained in the form:
i — 2ncuia {1 — oKy () — IKa )y — KT )1
— K5 (0) — 2K, () Ka (B) — K3 () + KiA) 1 #

9 3 3 [18]
—[c@+ §KH—F KO- FKHK

+ LKIOK 0 — § KWK )+ 5 K0 — K0 ||



where 2%

_ 2R _a
KI(A') V‘§'e ’
A

Ka) = 5 + —;“j—.zrn —AeE, ()],

K,M=K@: Kh)= _._%,‘g.x'

K,(A) = l+—V———-[l —Ae—*E;(A)], and

) 2\ A et
cw=—tfi+ Zls+5+5 -5 B}
We shall calculate the hydrodynamic characteristics for the condition
Fry=. __—)co
V2

In this case y; (8) = y3 (8) = 0, 8nd y, (s), ¥p (8) ceeees have the form

Yo (x) = — 2Rq;

_ 3 1 -
Ya(x) = 2R0-(T+ ry ),
Yo (x) = 2Ra(13 —é—?—-%}" —-—i—iﬂ) ;

17 39— 17—, .7 =, 1 -
Yo () = 2R°‘( 32 3% 16" +1—e"‘+?"‘)-
then
1 1 21
PE=2II:QGU‘2)(!(I——2—T’—TT‘+6—273+...)
[19]
P 1 21
*M—p;—lw—?‘r’—'rf‘-l‘a‘f‘-*-...

Equations [16] and [17] can be used to obtain expressions accurate to second order

with respect toa. Retaining the first term of the expansion, Equation [11], we have

— —&e—" E; (k)]

1(;)=[71= V3

Then

:,*=_a[ ‘5 ‘f’;e—*E,(x)] 2 {1 — Ky (M) v — [Ka (b) — KT (M1 7%)

(201



P; = 2neav2a{1— [Kl(k)+ (712__% *E‘(")) ]

2\

— [K, () — K2 () — 20K, (A) ( — (x)) ] .

— [K;(’»)— 2K, (M) Ka(\) —K; (M) + K1(\) —a (21\', () —3Ki(\) ) ( ‘_/'_2=
2\ . 9 ..
) ] [K4 M)+ 2K, ®)
—3Rm—3KmK®+ LMK M — 3 KWK®)

[21]

+ % K, (0 — Kt )+ a(41<1 (W) Ka () — 3K} () — K., (h)

-0 (- e

The asymptotic expression for the lift force as Frb - « is given by the expression

l 21 37 a

a
—_— t‘ T‘ 6 7
V2t V2 +64t 64]/2 T

Py = 2nqav§a[l —
[22]

9. For the case of a thin circular arc with chord 2a and central angle 28 we have the

equation

(o)

Carrying out the necessary calculations, we obtain

Yo(x) = — 2R (a + B+ Bx)
Vi) = 28K\ () (@ + 3 B)

_ 3 _
w&=2R [-2— Ke () — K3 (8) + Ka (x)x] (045 rs) —Ka () i—s} o8]
Vs @=2R| | K, — 2K A KO+ 5 K3 0)

KW 430 | (a-+ 3 B) — BKA Kalh) + K3 1)

8

®»



Then the formula for P/: can be written as:

Py = 2ngavf(a+ ag) |1 —mm—[(l — s ) K=K ]ﬁ

— K, (M) — 2K, () Ka (M) — K, () + K3 ()

| (24]
i 7a-:_—o—al<1(l)Kz(7")—K;(k)J‘ra + .. }

For Fry » o the limits of the functions yg (s), yy (8) +eeen can be written as

valo) = 2R[(a’+ ) (++ %) —-8—5]
va() =-2R{(a+%p) (;_g_%;_ %;s "'4‘;’)
NI AL
v.(z)=za[(a+-;-s) (-;_;_g_g;_;_g;z
e ) (e B )

[25]

Then

[26]

PT;"M(“O’F“)ll—';—(l— ] ﬁ;)t’

1 21 49 «q
-yt (64—1_23 %+

= ™
<t
+
L_-:—-—l

' 1 q 1 21 49 q ,
‘P;=.l"",_§'(I—E—m)ﬂ—ft‘_'_(@f—m—_ao-}-a)t.+'” (27]



where ag is the.angle of zero lift for the circular arc @ 1 p

=-§- o
Fora=0

[28]
» = 1—0,25¢v" — 0,25t —0,0547* +- . .

On completing the reduction of the formulas for u*, Py, and i, with an accuracy up to second

order in a,

— (@ +a )[V -7 ‘*E,m] {I—K,(x)r

[29]
1 a
—[(1—-2-%+G)K.(A.)—Kf(3-)]f’+---}
P; = 2reat}(oa + a) |1 — [K,o.)+ (% + a) (%—%e‘*& (x))] v
1_ @ \_ — 1
[Ka(*)(l— aﬁ_a) K2(d) — 2(a + @) K1 (A) (VE -
— 2 g, m)] [K; A)— 2K3 () Ks () — K5 () + K3 (%)
1 1 [
— 7 + K, (M Ks(A) — K3 (A) -21(:(7»)( 2'-5—_—1_—;)
_ |
—3K2(0) (7= 75 Ez(x))(ao+a)]r=+ ]
==ty (- gy ) e
2(%-!-0)( -——;~ %:'La)x [31]
3 1 4 1 21 é?-L 8
XT——4—T +8V§ao“5+( 128%+G)T+...

10



The results obtained are in good agreement both with experimental data and with results
using the general method of N. E. Kochin.®:3

For comparison, the figure shows the results of calculations for ¢, from Equation {28]
(Curve 1), experimental dataS (Curve III), results of the solution from Reference 6 (Curve II),
and the solution of M. V. Keldysh and M. A. Lavrentyev! (Curve IV).
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